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Abstract

It is well known that adding re°ective reasoningcan tremendouslyincreasethe power

of a proof assistant. In order for this theoretical increaseof power to becomeaccessible

to usersin practice, the proof assistant needsto provide a great dealof infrastructure

to support re°ective reasoning. In this thesis we explore the problem of creating a

practical implementation of such a support layer.

Our implementation takesa speci¯cation of a logical theory (which is identical to

how it would be speci¯ed if we simply intended to reasonwithin this logical theory,

insteadof re°ecting it) and automatically generatesthe necessaryde¯nitions, lemmas,

and proofs that are neededto enable the re°ected metareasoningin the provided

theory.

Oneof the key featuresof our approach is that the structure of a logic is preserved

when it is re°ected, including variables,meta variables,and binding structure. This

allows the structure of proofs to be preserved as well, and there is a one-to-onemap

from proof stepsin the original logic to proof stepsin the re°ected logic. The act of

re°ecting a languageis automated;all de¯nitions, theorems,and proofsarepreserved

by the transformation and all the key lemmas(such asproof and structural induction)

are automatically derived.

The principal representation usedby the re°ected logic is higher-order abstract

syntax (HOAS). However, reasoningabout terms in HOAS can be awkward in some

cases,especially for variables. For this reason,we de¯ne a computationally equivalent

variable-freede Bruijn representation that is interchangeablewith the HOAS in all

contexts. The de Bruijn representation inherits the properties of substitution and

alpha-equality from the logical framework, and it is not complicatedby administrative
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issueslike variable renumbering.

We further develop the conceptsand principles of proofs, provabilit y, and struc-

tural and proof induction. This work is fully implemented in the MetaPRLtheorem

prover. We illustrate with an application to F<: as de¯ned in the POPLmark chal-

lenge.

http://metaprl.org/
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Chapter 1

In tro duction

Very generally, re°ection is the abilit y of a system to be \self-aware" in someway.

More speci¯cally, by re°ection we mean the property of a computational or formal

systemto be able to accessand internalize someof its own properties.

It is well known that re°ection can tremendouslyincreasethe power of a formal

reasoningsystem. Surprisingly, formal systemstend to avoid the subject, or provide

poor tools for re°ective work. The fundamental goal of this work is to provide a

method for implementing a practical re°ection of syntax, computation, and proof in

a logical framework.

The implementation of a re°ection system has two core parts: representing the

syntax, and mechanizing the reasoning.The issueof representation is central, and far

from trivial: dealing with formal syntax meansdealing with structures that involve

bindings, and in a logical context it seemsnatural to use the sameformal tools to

describe syntax|often limiting the usability of such formalizations to speci¯c theo-

ries and toy examples.Representing languageswith bindings hasbeenrecognizedas

crucial by the theorem proving community; it requiresa treatment of ®-equivalence

and capture-avoiding substitution. Many di®erent solutions to the binding problem

have beenproposed. For example,one may usenamelessor de Bruijn encodings for

variables [23], nominal representations [53, 17], or higher-order abstract syntax [52]

(HOAS), with various trade-o®s. The de Bruijn encoding provides a very concrete

representation with a clear induction principle, but reasoningis cluttered by super°u-

ous artifacts like the needto perform nameshifting, and onegetsvery little built-in
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help from the prover for theseissues.At the other extreme,HOAS provides a clean

abstract representation with excellent support from the prover, but variable names

are inaccessibleand the induction scheme can be hard to formulate. Nominal ap-

proachesare in between;namesare accessible,the representation is mildly cluttered

by explicit renamings,but frequently the existing framework logic or metalogicmust

be extendedto include explicit naming contexts.

In this work we present a hybrid approach using a combined HOAS/de Bruijn

representation for terms. To addressthe issueof computation and induction over

terms, each re°ected term has two equivalent forms. One is a HOAS representation,

wherevariablesin the object logic are represented by variablesin the re°ected logic,

and binding is preserved. On top of it there is a de Bruijn representation layer, where

bindersarespeci¯ed by arity, and variablesaredenotedwith numerical indices. These

two representations are formally and computationally indistinguishable,which allows

the appropriate representation to be selectedat the appropriate time. For example,

the HOAS representation is normally the preferredform for usersbecauseof its clarity,

but the de Bruijn representation is more appropriate for computations that involve

induction or computation on variables(for example,computing the free variablesof

a term).

The fundamental reasonthat our approach is practical is that it preservesstructure

exactly in this sense: all variables, including both object and meta variables, are

preserved by the representation. In the manner of HOAS, binding structure is also

preservedby the transformation, both for formulasand for (sequent) judgments. One

might call this meta-higher-orderabstract syntax.

The bene¯t of preservingthe term structure is that mechanizedreasoningworks

transparently. That is, there is a one-to-onecorrespondencefrom proof stepsin the

original logic to re°ectedproof stepsin the metalogic. In fact the translation is direct

and mechanical, which meansthat proof automation in the original logic alsoapplies

in the re°ected logic.

The re°ection framework we implement provides a context that is convenient

for talking about representations and specifying properties of proofs in a uniform
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way that applies to all logical theories that can be speci¯ed as a logic in the logical

framework. Furthermore, the act of re°ecting a logic is automated,and the principles

for structural and proof induction areautomatically derivedfor every re°ectedtheory.

Naturally, our work can be applied to develop mechanized methods for a pro-

gramming languagemetatheory, with which we can reasonnot only about individual

languages,but also about classesof languages,languageschemas, and so on. The

reasonis that a programming languagecan be de¯ned as a particular logic in the

logical framework, using the samemechanismsfor de¯nition, reasoning,and automa-

tion that are available to other logics. There are at least three logicsin consideration

here| P: the programming language(also called the \ob ject logic"); M: the meta-

logic in which reasoningabout the programming languageis to be performed;and F:

the meta-metalogic,or framework logic, in which the metalogic M is de¯ned. The

choice of framework logic F and metalogic M are basedmainly on the choice of the

prover, which then restricts the set of choicesfor the framework logic and the met-

alogic (in many casesF and M are one and the same). The main issuehere is to

de¯ne a representationof programsand judgments in P in terms of formulas, propo-

sitions, and sentencesin M. We use re°ection to provide a uniform representation

map, wherea programming languageP is re°ected en masseto form a subtheory of

the metalogicM. As mentioned earlier, the act of re°ecting a languageis automated;

all de¯nitions, theorems,and proofs are preserved by the transformation and all the

key lemmas(such as proof and structural induction) are automatically derived. We

will illustrate with an application to the F<: languageas de¯ned in the POPLmark

challenge[12].

To summarize,the contributions of this thesis include:

² a new approach to representing languageswith bindings;

² a theory of implementing a practical re°ection of syntax, computation, and

proof in a logical framework;

² an implementation that can be usedfor mechanizedmetareasoningabout pro-

gramming languages.
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We have carried out a completeformal account of this work in the MetaPRLlogical

framework [41, 43]. In the appendicesof this thesis, we provide an architectural

overview of the formal implementation, and alsolist several most important modules

of this work. All formalizations are available online [43,42]. An important feature of

this work is that no extensionsto the metalogicor framework logic are needed.

In the rest of this chapter, we provide somebackground knowledge.We ¯rst give

a more detailed account of what re°ection is in Section1.1, then in Section1.2 give

an introduction on the current state of the art in automated programming language

metatheory. In Section1.3 we develop the syntax and languageof logics. At the end

of the chapter, we outline the structure of this thesis.

1.1 What Is Re°ection

As mentioned earlier, re°ection is the abilit y of someentit y to refer to itself.

There are many areasof computer sciencewhere re°ection plays or should play

a major role. When exploring properties of programming languages(and other lan-

guages)one often realizes that languageshave at least two kinds of properties|

semantic properties that have to do with the meaning of what the language'scon-

structs express,and syntactic properties of the languageitself.

Supposefor examplethat weareexploringsomelanguagethat contains arithmetic

operations. And in particular, in this languageone can write polynomials like x2 +

2x + 1. In this casethe number of roots of a polynomial is a semantic property since

it has to do with the valuation of the polynomial. On the other hand, the degree

of a polynomial could be consideredan example of a syntactic property since the

most natural way to de¯ne it is as a property of the expression that representsthat

polynomial. Of course,syntactic properties often have semantic consequences,which

is what makesthem especially important. In this example,the number of roots of a

polynomial is boundedby its degree.

Another areawherere°ection playsan important role is run-time codegeneration|

in most cases,a languagethat supports run-time code generation is essentially re-

http://metaprl.org/
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°ective, as it is capableof manipulating its own syntax. In order to reasonabout

run-time code generationand to expressits semantics and properties, it is natural to

usea reasoningsystemthat is re°ective as well.

Therearemany di®erent °avorsof re°ection. The syntactic re°ection wehaveseen

in the examplesabove, which is the abilit y of a systemto internalize its own syntax,

is just oneof thesemany °avors. Another very important kind of re°ection is logical

re°ection, which is the abilit y of a reasoningsystemor logic to internalize and reason

about its own logical properties. A good exampleof a logical re°ection is reasoning

about knowledge|since the result of reasoningabout knowledgeis knowledgeitself,

the logic of knowledgeis naturally re°ective [11].

In most casesit is natural for re°ection to be iterated. In the caseof syntactic

re°ection we might care not only about the syntax of our language,but also about

the syntax used for expressingthe syntax, the syntax for expressingthe syntax for

expressingthe syntax and so forth. In the caseof the logic of knowledgeit is natural

to have iterations of the form \I know that he knows that I know . . . "

Re°ection can add a lot of additional power to a formal reasoningsystem[34,10].

In particular, it is well known [36,44,29,48] that re°ection allows a superexponential

reduction in the sizeof certain proofs. In addition, re°ection could be a very useful

mechanismfor implementing proof search algorithms [3,33,21]. SeealsoHarrison [40]

for a survey of re°ection in theoremproving.

1.2 Programming Language Metatheory

It hasbeenwell establishedthat better programming technology is neededto assure

the safety and reliabilit y of our software infrastructure. As found in the PITAC

reports [55, 56], our software infrastructure is fragile, technologiesto build reliable

software are inadequate,and the demandfor reliable software exceedsour abilit y to

produce it.

The development of newprogramminglanguagesis a crucial part of addressingthe

software development problem. New languages,including domain-speci¯c languages,
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can simplify development and maintenanceby making programs more conciseand

clear, and they can improve reliabilit y in the form of guarantees that hold for all

programswritten in the language.For example,strongly-typed languagesguarantee

memory and code safety, though at someloss in expressivity. Domain-speci¯c lan-

guagescan often go further, guaranteeingadditional properties relevant to a domain.

Programminglanguagepropertiesand guaranteesaremorethan just propertiesof

speci¯c programs|they arepropertiesof any programwritten in the language.They

ensurethat, no matter how a program is constructedor modi¯ed, the guaranteeswill

continue to hold. They can be a tremendousbene¯t during software development

becauseno designe®ort is needed,the guaranteessimply hold.

The study of programming languageproperties is called programming language

metatheory. Given the bene¯ts of metatheoretical guarantees, one might wonder

why there are not more such languagesin widespreaduse. There are at least two

answers. First, while the properties of any individual languagemay be precise,the

properties of the composition of languagesis not nearly as clear, and there hasbeen

little research on this topic. For this reason(and others) programmersprefer to keep

their repertoire, and their risk, limited. Second,programming languagemetatheory

can be exceedinglytediousand error prone,using highly technical, yet routine, proof

methods. This leadsto a reluctanceon the part of the designerto perform the proofs,

and a reluctanceon the part of the community to read the proofs. The consequence

is that even in the rare casewhen a new languageis accompaniedby proofs, these

proofs are given lessscrutiny than we might wish. This leaves us with two central

problems: (1) the metatheoretical properties of systemsconstructed using multiple

languagesare poorly studied, and (2) new languagesare rarely accompaniedby a

strong metatheory.

Automated methods promise a solution to part of the problem. Since proofs

tend to be routine, why not have a machine perform the tedious, technical work?

There has been someprogressin this direction recently, notably presented as the

POPLmark challenge[12], which posesthe speci¯c problem of automated reasoning

for the kernel System F<: language(the polymorphic ¸ calculus with subtyping).
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Several researchers are performing ongoingwork related to the challenge[20,59,30],

and it seemslikely that acceptablesolutionswill be found, at least for F<: . In these

approaches, the F<: languageis formal, and the proofs are mechanized. However,

the proof methods are ad hoc.

Stated more generally, the current state of the art in automated metatheory ad-

dressesthe problem of formal automated reasoningabout speci¯c concrete languages

using custom methods for each language. What is missing is the abilit y to reason

about properties that apply to multiple languages,or relations betweenlanguages,or

formal functions that map the properties of one languageto another. That is, what

is missing is (1) reuseof formal knowledge, and (2) reasoningabout systemswith

components written in several languages.

Our re°ection framework can provide mechanized methods for a programming

languagemetatheory with the following abilities.

² The abilit y to reasonabout classesof languages,so that results may be reused

to cover multiple concretelanguages

² The abilit y to perform higher-order reasoning,establishing relationships be-

tweenlanguages.

1.3 Terminology

We assumethat the languageof the logical framework F contains sequents, second-

order meta variables, and terms, as shown in Figure 1.1. A term t is a formula

containing variables,concreteterms, or sequents. A concreteterm opf b1; ¢¢¢; bng has

a nameop, aswell assomesubtermsb1; : : : ; bn that have possiblebinding occurrences

of variables. For example,a term for representing the sum i + j might be de¯ned as

addf :i ; :j g (normally, we will omit the leading\ :" if there areno binders,writing it as

addf i ; j g). A term for lambda-abstraction ¸x: t would include a binding occurrence

1Strictly speaking, context variables are bindings and meta-variables have context arguments in
addition to term arguments. This doesnot a®ectthe presentation until we get to context induction
(Chapter 6), and we omit context arguments for now.
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t ::= x object (¯rst-order) variables
j z[t1; ¢¢¢; tn ] second-ordermeta-variables
j ¡ ` t sequents
j opf b1; ¢¢¢; bng concreteterms

b ::= x1; : : : ; xn : t bound terms
¡ ::= h1; ¢¢¢; hn sequent contexts
h ::= X [t1; ¢¢¢; tn ] context meta-variables1

j x : t hypothesisbindings and terms
P ::= R1; R2; ¢¢¢; Rn a logic
R ::= t1 ¡ ! ¢¢¢¡ ! tn inferencerules

(t i are closedw.r.t. object variables)

Figure 1.1: Syntax of formulas and logics

lambdaf x: tg. Note that in this case,the primitiv e binding construct is the bound

term b, and ¸ -bindersarea de¯ned term. An alternate choicewould be to usea single

primitiv e ¸ binder (for example,as is donein LF [39]).

A sequent ¡ ` t includesa sequent context ¡, which is a sequenceof dependent

hypothesesh1; ¢¢¢; hm , whereeach hypothesisis a binding x : t or a context variable

X [t1; ¢¢¢; tn ] (x and X bind to the right). Note that sequents can be arbitrarily

nestedinside other terms and are not necessarilyassociated with judgments.

Second-ordermeta variables z[t1; ¢¢¢; tn ] and context variables X [t1; ¢¢¢; tn ] in-

clude zeroor more term arguments t1; : : : ; tn . Thesemeta variablesrepresent closed

substitution functions, and are implicitly universally quanti¯ed for each rule in which

they appear [45]. For example,a second-ordervariable z[] represents all closedterms

(normally we will write simply z, omitting empty brackets2). The second-ordervari-

able z[x] represents all terms with zeroor moreoccurrencesof the variable x (that is,

any term wherex is the only free variable).

To illustrate, considerthe \substitution lemma" that is valid in many logics. In

textbook notation, it might be written as follows, where t1[x Ã s] represents the

2This will not causeconfusionwith ¯rst-order variables, since,when in use,a ¯rst-order variable
cannot occur free in a judgment and a second-ordervariable cannot be bound; we can always
distinguish them.
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substitution of s for x in t1, and x 62fv(¢) is a sidecondition of the rule.

¡ ; x : t3; ¢ ` t1 2 t2 ¡ ; ¢ ` s 2 t3 (x 62fv(¢))
¡ ; ¢ ` t1[x Ã s] 2 t2

In our more concretenotation, s; t1; t2; t3 are all represented with second-order

variables,and ¡ ; ¢ with context variables. Substitutions are de¯ned using the term

arguments; rules are de¯ned using the meta implication ¢¡ ! ¢, and we considerall

meta variablesto be universally quanti¯ed in a rule. The concreteversion is written

as follows (where we uses 2 t as a pretty form for a term memberf s; tg, and zi are

second-ordermeta variables).

(X ; x : z3; Y ` z1[x] 2 z2) ¡ !

(X ; Y ` z0 2 z3) ¡ !

(X ; Y ` z1[z0] 2 z2)

(1.1)

In the ¯nal sequent, the term z1[z0] implicitly speci¯es substitution of z0 for x in z1.

Note how the term arguments are usedto specify binding precisely|the variable

x is allowed to occur free in z1, but in no other term. The reasonwe adopt this

second-ordernotation is for the precisionthat can be obtained without the needfor

side conditions. All rule schemasrepresentable with substitution notation are also

representable as second-orderschemas,but not vice versa,except with a su±ciently

rich set of sideconditions.

For the ¯nal part, a logic P is an orderedsequenceof rules. Each rule may be an

axiom, or it may be derived from the previousrules in the logic.

In the particular framework logic FMetaPRLthat we use,logicsare consideredto

be open ended. That is, the models of the logic include models with possibly more

formulas, more rules, and more sentencesthat are true. In particular, F does not

provide any proof induction principle for its theories. This is of little consequence;

oncere°ected, a theory can be closed,and we will obtain an induction principle.

http://metaprl.org/
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1.4 Organization

The generalstructure of this text roughly follows the research path that it describes.

Chapter 2 beginswith a brief survey of existing techniquesfor formal reasoningabout

syntax. Next in Chapter 3 we outline our approach to reasoningabout syntax and in

Chapter 4 we present a formal account of our syntax theory for simpleterms basedon

a Martin-LÄof style computational type theory and the implementation of that account

in the MetaPRLtheorem prover, and in Chapter 6 extend it to sequent judgments,

where we rely on the use of \teleportation" to perform sequent context induction.

Oncethe representation for terms is de¯ned, we proceedto develop a representation

of proofs and the corresponding principle for proof induction (Chapter 7). We pro-

ceedwith someexamplesrelating to the POPLmark challenge[12] (Chapter 8) where

we also develop the principle for structural induction (Section 8.4). We ¯nish with

discussionand future work (Chapter 9).

http://metaprl.org/
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Chapter 2

Previous Mo dels of Re°ection

Any form of logical re°ection is preconditionedby the abilit y to re°ect the syntax.

Re°ecting syntax in a logical system entails writing proof rules that expressthat

re°ection, i.e., establishingan inferential connectionbetweenthe actual syntax used

in the object logic P and the meta terms in the metalogicM supposedlyreferring to

it. In this chapter, we take a look at previousmethods that have beenusedto re°ect

the syntax. We alsodiscussmore related work in Section4.9.

In 1931GÄodelusedre°ection to prove his famousincompletenesstheorem[35]. To

expressarithmetic in arithmetic itself, heassigneda uniquenumber (a GÄodelnumber)

to each arithmetic formula. A GÄodel number of a formula is essentially a numeric

code of a string of symbols usedto represent that formula.

A modern versionof the GÄodel'sapproach wasusedby Aitk en et al. [7,2,3,18] to

implement re°ection in the NuPRLtheorem prover [19,4]. A large part of this e®ort

was essentially a reimplementation of the core of the NuPRLprover inside NuPRL's

logical theory.

In GÄodel's approach and its variations (including Aitk en's one), a generalmech-

anism that could be usedfor formalizing one logical theory in another is applied to

formalizing a logical theory in itself. This can be very convenient for reasoningabout

re°ection, but for our purposesit turns out to be extremely impractical. First, when

formalizing a theory in itself using genericmeans,the identities betweenthe theory

being formalized and the one in which the formalization happens becomevery ob-

fuscated,which makesit almost impossibleto relate the re°ected theory back to the

http://nuprl.org/
http://nuprl.org/
http://nuprl.org/
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original one. Second,when one has a theorem proving system that already imple-

ments the logical theory in question, creating a completely new implementation of

this logical theory inside itself is a very tedious redundant e®ort. Another practical

disadvantage of the GÄodel numbers approach is that it tends to blow up the sizeof

the formulas; and iterated re°ection would causethe blow-up to be iterated as well,

making it exponential or worse.

A much more practical approach is being usedin someprogramming languages,

such as Lisp and Scheme. There, the commonsolution is for the implementation to

expose its internal syntax representation to user-level code by the quote constructor

(where quote(t) prevents the evaluation of the expressiont). The problemsoutlined

abovearesolved instantly by this approach: there is no blow-up, there is no repetition

of structure de¯nitions, there is even no needfor verifying that the re°ected part is

equivalent to the original implementation since they are identical. Most Scheme

implementations take this even further: the eval function is the internal function for

evaluating a Schemeexpression,which is exposedto the userlevel; Smith [57] showed

how this approach can achieve an in¯nite tower of processors. A similar language

with the quotation and antiquotation operators was introducedin [38].

This approach, however, violates the congruence property with respect to compu-

tation: if two terms are computationally equal then one can be substituted for the

other in any context. For instance,although 2¤2 is equal to 4, the expressions\ 2*2"

and \ 4" are syntactically di®erent, thus we cannot substitute 4 for 2*2 in the ex-

pressionquote(2*2) . The congruenceproperty is essential in many logical reasoning

systems,including NuPRLand MetaPRL.

A possibleway to exposethe internal syntax without violating the congruence

property is to use the so-calledquoted or shifted operators [1, 13, 14] rather than

quoting the whole expressionat once. For any operator op in the original language,

we add the quoted operator (denoted as popq) to represent a term built with the

operator op. For example,if the original languagecontains the constant \0" (which,

presumably, represents the number 0), then in the re°ectedlanguage,p0q would stand

for the term that denotesthe expression\0". Generally, the quoted operator hasthe

http://nuprl.org/
http://metaprl.org/
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samearity as the original operator, but it is de¯ned on syntactic terms rather than

on semantic objects. For instance, while ¤ is a binary operator on numbers, p¤q is

a binary operator on terms. Namely, if t1 and t2 are syntactic terms that stand for

expressionse1 and e2 respectively, then t1p¤qt2 is a newsyntactic term that standsfor

the expressione1¤e2. Thus, the quotation of the expression1¤2 would bep1qp¤qp2q.

In general,the well-formedness(typing) rule for a quotedoperator is the following:

t1 2 Term ¢¢¢ tn 2 Term
popqf t1; ¢¢¢; tng 2 Term

(2.1)

where Term is a type of quoted terms. The requirement that the arity of op be n

is implicit|since a quoted operator has the samearity as the original operator, the

assumption is that the system will simply disallow typing something of the wrong

arity.

Note that quotations can be iterated arbitrarily many times, allowing us to quote

quoted terms. For instance, pp1qq stands for the term that denotesthe term that

denotesthe numeral 1.

Formalizing Languages with Bindings

Problemsarisewhenquoting expressionsthat contain binding variables. For example,

what is the quotation of ¸x: x? There are several possibleways of answering this

question. A commonly usedapproach [52, 25, 24, 8, 9] in logical frameworks such as

Elf [51], LF [39], and Isabelle [49, 50] is to construct an object logic with a concrete

p¸ q operator that hasa type like

(Term! Term) ! Term or (Var ! Term) ! Term:

In this approach, the quoted ¸x: x might look like p¸ q(¸x: x) and the quoted ¸x: 1

might look like p¸ q(¸x: p1q): Note that in theseexamplesthe quoted terms have to

make useof both the syntactic (i.e., quoted) operator p¸ q and the semantic operator

¸ .

http://www-2.cs.cmu.edu/~fp/elf.html
http://isabelle.informatik.tu-muenchen.de/
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Exotic Terms. NaÄ³ve implementations of the above approach su®erfrom the

well-known problem of exotic terms [22, 24]. The issueis that in generalwe cannot

allow applying the p¸ q operator to an arbitrary function that maps terms to terms

(or variablesto terms) and expect the result of such an application to be a \prop er"

re°ected term.

Considerfor examplethe following term

p¸ q(¸x: if x = p1q then p1q else p2q):

It is relatively easyto seethat it is not a real syntactic term and cannot be obtained

by quoting an actual term. (For comparison,considerp¸ q(¸x: pif q x p= q p1q pthen

q p1q pelseq p2q), which is a quotation of ¸x: if x = 1 then 1 else 2).

How can one ensurethat p¸ qe denotesa \real" term and not an \exotic" one?

That is, is it equal to the result of quoting an actual term of the object language?

One possibility is to require e to be a substitution function; in other words it has to

be equal to an expressionof the form ¸x: t[x] where t is composedentirely of term

constructors (i.e., quoted operators) and x, while using destructors (such as case

analysis,the if operator usedin the exampleabove, etc.) is prohibited.

There are a number of approaches for enforcing the above restriction. One of

them is the usageof logical frameworks with restricted function spaces[52,39], where

¸ -terms may contain only constructors. Another is to ¯rst formalize the larger type

that does include exotic terms and then to de¯ne recursively a predicate describing

the \v alidit y" or \w ell-formedness"of a term [25,24] thus removing the exotic terms

from consideration. Yet another approach is to createa specializedtype theory that

combinesthe ideaof restricted function spaceswith a modal type operator [28,26,27].

There the caseanalysisis disallowed on objects of \pure" type T, but is allowed on

objects of a special type ¦ T. This allowsexpressingboth the restricted function space

\ T1 ! T2" and the unrestricted one \( ¦ T1) ! T2" within a singletype theory.

Another way of regarding the problem of exotic terms is that it is causedby

the attempt to give a semantic de¯nition to a primarily syntactic property. A more
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syntax-oriented approach was used by Barzilay et al. [15, 16, 14]. In Barzilay's ap-

proach, the quoted version of an operator that introducesa binding has the same

shape (i.e., the number of subterms and the binding structure) as the original one

and the variables (both the binding and the bound occurrences)are una®ectedby

the quotation. For instance,the quotation of ¸x: x is just p¸ qx: x.

The advantagesof this approach include

² This approach is simple and clear.

² Quoted terms have the samestructure asoriginal ones,inheriting a lot of prop-

erties of the object syntax.

² In all the aboveapproaches,the ®-equivalencerelation for quotedterms is inher-

ited \for free." For example,p¸ qx: x and p¸ qy: y are automatically considered

to be the sameterm.

² Substitution is alsoeasy: we do not needto reimplement the substitution that

renamesbinding variablesto avoid the capture of freevariables;we can usethe

substitution of the original languageinstead.

To prune exotic terms, Barzilay says that p¸ qx: t[x] is a valid term when ¸x: t[x] is

a substitution function. He demonstratesthat it is possibleto formalize this notion

in a purely syntactical fashion. In this setting, the generalwell-formednessrule for

quoted terms with bindings is the following:

is substk f x1; ¢¢¢; xk : t[~x]g ¢¢¢ is substl f z1; ¢¢¢; zl : s[~z]g
popqf x1; ¢¢¢; xk : t[~x]; ¢¢¢; z1; ¢¢¢; zl : s[~z]g 2 Term

(2.2)

where is substn f x1; ¢¢¢; xn : t[~x]g is the proposition that t is a substitution function

over variablesx1; : : : ; xn (in other words, it is a syntactic versionof the Valid predi-

cate of [25,24]). This proposition is de¯ned syntactically by the following two rules:

is substn f x1; ¢¢¢; xn : x i g
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and

is substn+ k f x1; ¢¢¢; xn ; y1; ¢¢¢; yk : t[~x; ~y]g
...

is substn+ l f x1; ¢¢¢; xn ; z1; ¢¢¢; zl : s[~x; ~z]g

is substn f x1; ¢¢¢; xn : popqf y1; ¢¢¢; yk : t[~x; ~y]; ¢¢¢; z1; ¢¢¢; zl : s[~x; ~z]gg

In this approach the is substn fg and p¸ q operators are essentially untyped (in

NuPRLtype theory, the computational propertiesof untyped terms are at the coreof

the semantics; typesare addedon top of the untyped computational system).

Recursiv e De¯nition and Structural Induction Principle. A di±cult y

sharedby both the straightforward implementations of the (Term! Term) ! Term

approach and by the Barzilay's one is the problem of recursively de¯ning the Term

type. We want to de¯ne the Term type as the smallest set satisfying rules (2.1)

and (2.2). Note, however, that unlike rule (2.1), rule (2.2) is not monotonic in the

sensethat is substk f x1; ¢¢¢; xk : t[~x]g depends nonmonotonically on the Term type.

For example,to say whether p¸ qx: t[x] is a term, we shouldcheck whether t is a sub-

stitution function over x. It meansat least that for every x in Term, t[x] shouldbe in

Term as well. Thus we needto de¯ne the whole type Term beforeusing (2.2), which

producesa logical circle. Moreover, sincep¸ q has type (Term ! Term) ! Term, it

is hard to formulate the structural induction principle for terms built with the p¸ q

term constructor.

Variable-Length Lists of Binders. In Barzilay's approach, for each number

n, is substn f g is consideredto be a separateoperator|there is no way to quantify

over n, and there is no way to expressvariable-length lists of binders. This issue

of expressingthe unbounded-lengthlists of binders is commonto someof the other

approachesas well.

Metareasoning. Another di±cult y that is especially apparent in Barzilay's ap-

proach is that it only allowsreasoningabout concrete operatorsin concretelanguages.

This approach does not provide the abilit y to reasonabout operators abstractly; in

particular, there is no way to state and prove metatheoremsthat quantify over oper-

http://nuprl.org/
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ators or languages,much lessclassesof languages.

Although it is possibleto solve the problemsoutlined above (and we will return to

the discussionof someof thosesolutions in Section4.9), our desireis to avoid these

di±culties from the start. We proposea natural model of re°ection that managesto

work around thesedi±culties. In the next two chapters, we will show how to give a

simple recursive de¯nition of terms with binding variables,which doesnot allow the

construction of exotic terms and does allow structural induction on terms.
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Chapter 3

A Hybrid HO AS/de Bruijn
Represen tation of the Syntax

As discussedin the previous chapter, representing syntax with bindings is hard. In

the following two chapters, we proposea new approach to re°ective metareasoning

about languageswith bindings. We present a theory of syntax that:

² in a natural way providesboth a higher-orderabstract syntax (HOAS) approach

to bindings and a de Bruijn-style approach to bindings, with easyand natural

translation betweenthe two;

² providesa uniform HOAS-style approach to both bound and freevariablesthat

extendsnaturally to variable-length \v ectors" of binders;

² permits metareasoningabout languages|in particular, the operators,languages,

open-endedlanguages,classesof languagesetc. are all ¯rst-class objects that

can be reasonedabout both abstractly and concretely;

² comeswith a natural induction principle for syntax that can be parameterized

by the languagebeing used;

² provides a natural mapping betweenthe object syntax and metasyntax that is

freeof exotic terms, and allows mapping the object-level substitution operation

directly to the metalevel one(i.e., ¯ -reduction);

² is fully derived in a preexisting type theory in a theoremprover;
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² is designedto serve asa foundation for a generalre°ective reasoningframework

in a theoremprover;

² is designedto serve as a foundation for a programming languageexperimenta-

tion framework.

In this chapter we provide a conceptualoverviewof our approach; details are given in

the next two chapters. Wewill show how wedealwith concreteoperatorsand abstract

operators, and how we inductively de¯ne the type of all well-formed re°ected terms.

3.1 Bound Terms

One of the key ideas of our approach is how we deal with terms containing free

variables. We extend to freevariablesthe principle that variable namesdo not really

matter. In fact, wemodel freevariablesasbindingsthat canbearbitrarily ®-renamed.

Namely, we will write btermf x1; ¢¢¢; xn : t[~x]g for a term t over variables x1; : : : ; xn .

For example,instead of term xp¤qy we will usethe term btermf x; y: xp¤qyg when it

is consideredover variablesx and y and btermf x; y; z: xp¤qyg when it is considered

over variables x, y and z. Free occurrencesof x i in t[~x] are consideredbound in

btermf x1; ¢¢¢; xn : t[~x]g and two ®-equal btermfg expressions(\bterms") are consid-

eredto be identical.

Not every bterm is necessarilywell-formed. We will de¯ne the type of terms in

such a way asto eliminate exotic terms. Considerfor examplea de¯nition of lambda-

terms.

Example 3.1: De¯ne a set of re°ected lambda-termsas the smallest set suchthat

² btermf x1; ¢¢¢; xn : x i g, where1 · i · n, is a lambda-term (a variable);

² if btermf x1; ¢¢¢; xn ; xn+1 : t[~x]g is a lambda-term, then

btermf x1; ¢¢¢; xn : p¸ qxn+1 : t[~x]g

is alsoa lambda-term (an abstraction);
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² if btermf x1; ¢¢¢; xn : t1[~x]g and btermf x1; ¢¢¢; xn : t2[~x]g are lambda-terms, then

btermf x1; ¢¢¢; xn : papplyqf t1[~x]; t2[~x]gg

is alsoa lambda-term (an application).

In a way, bterms could be understood asan explicit coding for Barzilay's substitution

functions. And indeed,someof the basicde¯nitions are quite similar. The notion of

bterms is alsovery similar to that of local variable contexts [32].

3.2 Terminology

Beforewe proceedfurther, we needto de¯ne someterminology.

De¯nition 3.1: We changethe notion of subterm so that the subtermsof a bterm

are also bterms. For example, the immediate subterms of btermf x; y: xp¤qyg are

btermf x; y: xg and btermf x; y: yg; the immediate subtermof btermf x: p¸ qy: xg is

btermf x; y: xg.

De¯nition 3.2: We call the number of outer bindersin a bterm expressionits bind-

ing depth. Namely, the binding depth of the bterm btermf x1; ¢¢¢; xn : t[~x]g is n.

De¯nition 3.3: Throughout the rest of the thesis we use the notion of operator

shape. The shape of an operator is a list of natural numbers each stating how many

new binders the operator intr oduces on the corresponding subterm. The length of the

shape list is therefore the arity of the operator. For example, the shape of the +

operator is [0;0] and the shape of the ¸ operator is [1].

The mapping from operators to shapes is also sometimescalled a binding signature

of a language[32,54].

De¯nition 3.4: Let h be a shape of [d1; ¢¢¢; dN ], and let l be a list of bterms[b1; ¢¢¢; bM ].

We say that l is compatible with h at depthn when
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1. N = M ;

2. the binding depth of bterm bj is n + dj for each 1 · j · N .

3.3 Abstract Op erators

Expressionsof the form btermf ~x: popqf¢¢¢gg can only be usedto expresssyntax with

concrete operators. In other words, each expressionof this form contains a speci¯c

constant operator popq. However, wewould like to reasonabout operatorsabstractly;

in particular, we want to make it possibleto have variables of sometype \ O" that

can be quanti¯ed over and usedin the samemanner as operator constants. In order

to addressthis we useexplicit term constructors in addition to btermf ~x: popqf¢¢¢gg

constants.

The expressionBf n; \ popq"; btlg, where \ popq" is someencoding of the quoted

operator popq, standsfor a bterm with binding depth n, operator popq and subterms

btl. Namely,

Bf n; popq; btermf x1; ¢¢¢; xn ; ~y1: t1[~x; ~y1]g :: ¢¢¢::

btermf x1; ¢¢¢; xn ; ~yk : tk [~x; ~yk ]g :: nil g

is

btermf x1; ¢¢¢; xn : popqf ~y1: t1[~x; ~y1]; ¢¢¢; ~yk : tk [~x; ~yk ]gg:

Here, nil is the empty list and :: is the right-associative list cons operator and

thereforethe expressionb1 :: ¢¢¢:: bn :: nil represents the concretelist [b1; ¢¢¢; bn ].

Note that if we know the shape of the operator op and we know that the B

expressionis well-formed(or, morespeci¯cally, if we know that btl is compatiblewith

the shape of op at depth n), then it would normally be possibleto deducethe value

of n (sincen is the di®erencebetweenthe binding depth of any element of the list btl

and the corresponding element of the shape(op) list). There are two reasons,however,

for supplying n explicitly:

² When btl is empty (in other words, when the arity of op is 0), the value of n

cannot be deducedthis way and still needsto be suppliedsomehow. One could
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consider0-arity operators to be a special case,but this results in a signi¯cant

lossof uniformit y.

² When we do not know whether a B expressionis necessarilywell-formed (and

aswe will seeit is often useful to allow this to happen), then a lot of de¯nitions

and proofs are greatly simpli¯ed when the binding depth of B expressionsis

explicitly speci¯ed.

Using the B constructor and a few other similar constructorsthat will be introduced

later, it becomeseasyto reasonabstractly about operators. Indeed, the secondar-

gument to B can now be an arbitrary expression,not just a constant. This has a

cost of making certain de¯nitions slightly morecomplicated. For example,the notion

of \compatible with sh at depth n" now becomesan important part of the theory

and will need to be explicitly formalized. However, this is a small price to pay for

the abilit y to reasonabstractly about operators, which easily extends to reasoning

abstractly about languages,classesof languagesand so forth.

3.4 Inductiv ely De¯ning the T yp e of Well-F ormed

Bterms

There are two equivalent approachesto inductively de¯ning the generaltype (set) of

all well-formed bterms. The ¯rst one follows the sameidea as in Example 3.1:

² btermf x1; ¢¢¢; xn : x i g is a well-formed bterm for 1 · i · n;

² Bf n; op; btlg is a well-formed bterm when op is a well-formed quoted operator

and btl is a list of well-formed bterms that is compatible with the shape of op

at somedepth n.

If we denotebtermf x1; ¢¢¢; x l ; y; z1; ¢¢¢; zr : yg asVf l ; r g, we can restate the basecase

of the above de¯nition as \ Vf l ; r g, wherel and r are arbitrary natural numbers, is a

well-formed bterm." Oncewe do this it becomesapparent that the above de¯nition
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has a lot of similarities with de Bruijn-style indexing of variables [23]. Indeed, one

might call the numbers l and r the left and right indices of the variable Vf l ; r g.

It is possibleto provide an alternate de¯nition that is equivalent to the de¯nition

above, but is closerto pure HOAS. We de¯ne the following terms.

² ¸ bx: t[x], wheret is a well-formed substitution function, is a well-formed bterm

(the ¸ b operation increasesthe binding depth of t by one by adding x to the

beginningof the list of t's outer binders).

² Tf op; btlg, whereop is a well-formed quoted operator, and btl is a list of well-

formed bterms that is compatible with the shape of op at depth 0, is a well-

formed bterm (of binding depth 0).

Other than better capturing the idea of HOAS, the latter de¯nition also makes it

easierto expressthe re°ective correspondencebetween the metasyntax (the syntax

usedto expressthe theory of syntax, namely the one that includesthe operators B,

¸ b, etc.) and the meta-metasyntax (the syntax that is used to expressthe theory

of syntax and the underlying theory, in other words, the syntax that includes the

second-ordernotations.) Namely, provided that we de¯ne the substf bt; tg operation

to compute the result of substituting a closedterm t for the ¯rst outer binder of the

bterm bt, we can state that

substf ¸ bx: t1[x]; t2g $ t1[t2] (3.1)

wheret1 and t2 areliteral second-ordervariables,and $ is the computational equality

relation1. In other words, we can state that the substitution operator substand the

implicit second-ordersubstitution in the \meta-metalanguage"are equivalent.

The downsideof the alternate de¯nition is that it requiresde¯ning the notion of

\b eing a substitution function."

1Computational equality meansthat when a $ b is true, a may be replacedwith b in an arbitrary
context. Examples include beta-reduction ¸x: t[x] y $ t[y], arithmetical equalities (1 + 2 $ 3), and
de¯nitional equality (an abstraction is consideredto be computationally equal to its de¯nition).
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3.5 Our Approac h

In our work wecombine the advantagesof both approachesoutlined above. In the next

chapter wepresent a theory that includesboth the HOAS-style operations(¸ b, T) and

the de Bruijn-style ones(V, B). Our theory alsoallows deriving the equivalence(3.1).

In our theory the de¯nition of the basicsyntactic operations is basedon the HOAS-

style operators; however, the recursive de¯nition of the type of well-formed syntax

is based on the de Bruijn-style operations. Our theory also includes support for

variable-length lists of binders.
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Chapter 4

Formal Implemen tation of the
Syntax in a Theorem Pro ver

In the following two chapters we describe how the syntax theory is formally de¯ned

andderivedin the NuPRL-style Computational TypeTheory in the MetaPRLTheorem

Prover. In this chapter we develop the representation for simple terms, and then we

extend it to sequent judgments in the next chapter. For brevity, we will present a

slightly simpli¯ed versionof our implementation; full details are available in [42].

4.1 Computations and T yp es

In our work we make heavy usageof the fact that our type theory allows us to de¯ne

computationswithout stating upfront (or even knowing) what the relevant typesare.

In NuPRL-style type theories(which someeven dubbed \un typed type theory"), one

may de¯ne arbitrary recursive functions (evenpotentially nonterminating ones).Only

when proving that such function belongsto a particular type, onemay have to prove

termination. SeeAllen [5,6] for a semantics that justi¯es this approach.

The formal de¯nition of the syntax of terms consistsof two parts:

² The de¯nition of untyped term constructors and term operations, which in-

cludes both HOAS-style operations and de Bruijn-style operations. We can

establishmost of the reduction properties without explicitly giving typesto all

the operations.

http://nuprl.org/
http://metaprl.org/
http://nuprl.org/
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² The de¯nition of the type of terms. We will de¯ne the type of terms as the

type that contains all terms that can be legitimately constructed by the term

constructors.

4.2 HO AS Represen tation

At the coreof our term syntax de¯nition are two basicHOAS-style constructors.

² ¸ bx: t[x] is meant to represent a quotedterm with a freevariablex. The intended

semantics (which will not becomeexplicit until later) is that ¸ bx: t[x] will only

be consideredwell-formed when t is a substitution function.

Internally, ¸ bx: t[x] is implemented simply as the left injection1 of a lambda

abstraction.

¸ bx: t[x] := inlf ¸x: t[x]g

This de¯nition is abstract and is usedonly to prove the properties of the two

destructorspresented below; it is never usedoutsideof this section(Section4.2).

² Tf op; tsg represents a closedquoted term (i.e., a btermof binding depth 0) with

operator op and the list of subtermsts. It will be consideredwell-formedwhen

op is an operator and ts is a list of terms that is compatible with the shape of

op at depth 0. For example,Tf p¸ q; [¸ bx: x]g is p¸x: xq.

Internally, Tf op; tsg is implemented as the right injection of a pair of the oper-

ator and the list of subterms.

Tf op; tsg := inrfhop; tsi g

Again, this de¯nition is never usedoutside of this section.

1The left injection of a, inlf ag, is an element of some union type A [ B , if a has type A.
Similarly, the right injection of b, inrf bg, is also an element of A [ B , if b has type B . The
decidef x; y: t1[y]; z: t2[z]g term decidesthe handednessof the term x in A [ B , for which we usually
use its prett y form \ matc h x with inlf yg ! t1[y] j inrf zg ! t2[z]."
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We also implement two destructors:

² substf bt; tg (with shorthandbt@t) is meant to represent the result of substituting

term t for the ¯rst variable of the bterm bt. Internally, substf bt; tg is de¯ned as

substf bt; tg := matc h bt with

j inlf f g ! f t

j inrfho;sig ! ²

where the symbol ² is used to denote a dummy or error term. That is, a

substitution is de¯ned only for binders.

We derive the following property of this substitution operation:

(¸ bx: t1[x])@t2 $ t1[t2]

where $ is the computational equality relation and t1 and t2 are completely

arbitrary, perhapseven ill-t yped. This derivation is the only place where the

internal de¯nition of substf bt; tg is used.

Note that the above equality is exactly the \re°ectiv e property of substitution"

(3.1) that was oneof the designgoalsfor our theory.

² weakdestf bt; bcase; op; ts: mkt case[op; ts]g is the destructor designedto provide

a way to ¯nd out whether bt is a ¸ b term or a Tf op; tsg term and to \extract"

the op and ts in the latter case.In the rest of this thesiswe will usethe \prett y-

printed" form for weakdest|\ matc h bt with ¸ b ! bcase j Tf op; tsg !
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r ::= x ¯rst-order variables
j z[r1; ¢¢¢; r n ] second-ordermeta-variables
j Tf popq; [r 1; ¢¢¢; r n ]g re°ected terms
j ¸ bx: r binding
j ¡ r p` qr re°ected sequents

¡ r ::= q1; ¢¢¢; qn re°ected sequent contexts
q ::= X [r 1; ¢¢¢; r n ] context meta-variables

j x : r hypothesisbinding

Figure 4.1: Re°ected terms in HOAS form

mkt case[op; ts]." We alsoderive the following properties of weakdest:

0

B
B
B
@

matc h ¸ bx: t[x] with

¸ b ! bcase

j Tf op; tsg ! mkt case[op; ts]

1

C
C
C
A

$ bcase

0

B
B
B
@

matc h Tf op; tsg with

¸ b ! bcase

j Tf o; tg ! mkt case[o; t]

1

C
C
C
A

$ mkt case[op; ts]

Figure 4.1 shows the set of term representativ es that are used to represent re-

°ected terms in HOAS form. This includes the usual ¯rst-order, second-order,and

context variables. It also includes the two new term representativ eswe introduced:

Tf popq; [r 1; ¢¢¢; r n ]g which represents a re°ectedterm with operator op and subterms

r1; : : : ; r n , and ¸ bx: r which introducesbindings.

Sequents are shown in Figure 4.1 for reference. However, quoted sequents are

treated asnoncanonicalforms. That is, sequents are eliminated from the representa-

tion through an appropriate coding, as will be discussedin Chapter 6.
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4.3 Vector HO AS Op erations

As we have mentioned at the end of Chapter 2, someapproachesto reasoningabout

syntax make it hard or even impossibleto expressarbitrary-length lists of binders. In

our approach, we addressthis challengeby allowing operatorswherea singlebinding

in the metalanguagestandsfor a list of object-level bindings. In particular, we allow

representing ¸ bx1: ¸ bx2: ¢¢¢: ¸ bxn : t[x1; : : : ; xn ] asvbndf n; x: t[nthf x; 1g; : : : ; nthf x; ng]g,

where\ nthf l ; ig" is the \ i th element of the list l" function.

We de¯ne the following vector-style operations:

² vbndf n; x: t[x]g represents a \telescope" of nested¸ b operations. It is de¯ned

by induction2 on the natural number n as follows:

vbndf 0;x: t[x]g := t[nil ]

vbndf n + 1;x: t[x]g := ¸ bv: vbndf n; x: t[v :: x]g

We also introduce vbndf n; tg as a simpli¯ed notation for vbndf n; x: tg when t

doesnot have free occurrencesof x.

² vsubstf bt; tsg is a \v ector" substitution operation that is meant to represent the

result of simultaneous substitution of the terms in the ts list for the ¯rst jtsj

variables of the bterm bt (here jl j is the length of the list l). It is de¯ned by

induction on the list ts as follows:

vsubstf bt; nil g := bt

vsubstf bt; t :: tsg := vsubstf bt@t; tsg

2Our presentation of the inductiv e de¯nitions is slightly simpli¯ed by omitting someminor tech-
nical details. SeeAppendix B for complete details.
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Below are someof the derived properties of theseoperations:3

¸ bv: t[v] $ vbndf 1; l : hd(l)g (4.1)

8m; n 2 N:
¡
vbndf m + n; x: t[x]g $ vbndf m; y: vbndf n; z:t[y } z]gg

¢
(4.2)

8l 2 List : (vsubstf vbndfj l j; v: t[v]g; lg $ t[l ]) (4.3)

8l 2 List : 8n 2 N:
¡
n ¸ jl j )

(vsubstf vbndf n; v: t[v]g; lg $ vbndf n ¡ jl j; v: t[l } v]g)
¢ (4.4)

8n 2 N:
¡
vbndf n; l : vsubstf vbndf n; v: t[v]g; lgg $ vbndf n; l : t[l ]g

¢
(4.5)

where \ hd" is the list \head" operation, \ } " is the list append operation, \ List "

is the type of arbitrary lists (the elements of a list do not have to belong to any

particular type), N is the type of natural numbers,and all the variablesthat are not

explicitly constrainedto a speci¯c type stand for arbitrary expressions.

Equivalence (4.2) allows the merging and splitting of vector bind operations.

Equivalence(4.3) is a vector variant of equivalence(3.1). Equivalence(4.5) is very

similar to equivalence(4.3) applied in the vbndf n; l : ¢¢¢g context, except that (4.5)

doesnot require l to be a member of any special type.

4.4 de Bruijn Represen tation

As mentioned in the introduction, de¯ning an induction principle for the HOAS rep-

resentation canbe di±cult. The issueis how to dealwith bindings. In this sectionwe

develop a de Bruijn representation that is computationally equivalent to the HOAS

representation. This will then lead us to a type de¯nition and induction principle.

The deBruijn representation introducestwo newconstructorsbasedon the HOAS

constructorsde¯ned in the previoustwo sections.

² The term Vf l; r g represents a variable; the natural number l is called the left

3Note that all the proofs of these properties are carried out formally in the MetaPRL system.
The complete list of theoremswe derived can be found online at [42].

http://metaprl.org/
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binding index, and r the right binding index. It is de¯ned as

Vf l; r g := vbndf l ; ¸ bv: vbndf r ; vgg:

We can seethat this de¯nition indeedcorresponds to the informal

btermf x1; ¢¢¢; x l ; y; z1; ¢¢¢; zr : yg de¯nition given in Section3.4. A variable acts

as a selector,with the following equivalence.

Vf l ; r g@t1@¢¢¢@t l+1 @¢¢¢@t l+ r +1 $ t l+1

We can derive the following equivalencesfor variables.

¸ bx: Vf l ; r g $ Vf l + 1;rg

Vf 0;rg@t $ t

Vf l + 1;rg@t $ Vf l; r g

² The term Bf n; op; tsg is calleda bound term. It is meant to computea bterm of

binding depth n, with operator op, and with ts as its subterms. This operation

is de¯ned by induction on natural number n as follows.

Bf 0;op; tsg := Tf op; tsg

Bf n + 1;op; tsg := ¸ bv: Bf n; op; map¸t: t@v tsg

Informally,

Bf n; op; [s1; ¢¢¢; sm ]g $ ¸ bx1: ¢¢¢: ¸ bxn : Tf op; [s1@x1@¢¢¢@xn ;

¢¢¢;

sm@x1@¢¢¢@xn ]g:

The two commutativit y properties below indicate the computational behavior
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of the bound terms.

Bf n + 1;op; [s1; ¢¢¢; sm ]g@r $ Bf n; op; [s1@r; ¢¢¢; sm@r]g

(subst-commutes)

¸ bx: Bf n; op; [s1[x]; ¢¢¢; sm [x]]g $ Bf n + 1;op; [¸ bx: s1[x]; ¢¢¢; ¸ bx: sm [x]]g

(bind-commutes)

The subst-commutes property indicates that to substitute into a bound term,

the substitution should be applied to each of the subterms. Note that an outer

binder is removed as well.

The bind-commutesproperty de¯nesthe conversionto deBruijn representation,

which is obtainedby \pushing" all binds inward asfar aspossible.For example,

considerthe following term fragment, shown ¯rst in informal HOAS notation.

p¸z : matc h z with inlf xg ! x j inrf yg ! zq

To write it formally, wechoosethe operator lambdafor ¸ , and decidefor matc h,

which givesthe following concreterepresentation.

plambdaf z: decidef z; x: x; y: zggq

By de¯nition of Tf ; ,g weobtain the following term in HOAS form, with binders

in the expectedpositions.

Tf plambdaq; [¸ bz: Tf pdecideq; [z; ¸ bx: x; ¸ by: z]g]g

This term is equivalent to the following term in de Bruijn form by de¯nitions

of Bf ; a; ngd Vf ;,g with the binder pushedinwards.

Bf 0;plambdaq; [Bf 1;pdecideq; [Vf 0;0g; Vf 1;0g; Vf 0;1g]g]g
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The above HOAS and de Bruijn forms are computationally equivalent. In a

metalogic like computational type theory, where computational equivalenceis

a congruence,the two forms are formally equivalent in all contexts and can

be interchangedat will. The HOAS form corresponds closely to the original

expression,while the de Bruijn form is variable free.

de Bruijn-st yle Destructors

We alsode¯ne a number of de Bruijn-style destructors, i.e., operations that compute

various de Bruijn-style characteristics of a bterm. Since the V and B constructors

are de¯ned in terms of the HOAS constructors, the destructors have to be de¯ned

in terms of HOAS operations as well. Becauseof this, thesede¯nitions are often far

from straightforward.

It is important to emphasizethat the tricky de¯nitions that we usehereare only

neededto establishthe basicproperties of the operationswe de¯ned. Oncethe basic

theory is complete,we can raise the level of abstraction and no usageof this theory

will ever require using any of thesede¯nitions, being aware of thesede¯nitions, or

performing similar tricks again.

² bdepthf tg computesthe binding depth of term t. It is de¯ned recursively using

the Y combinator.

Y

0

B
B
B
@

¸f : ¸b: matc h bwith

¸ b ! 1 + f (b@Tf ptrueq; nil g)

j Tf ; g ! 0

1

C
C
C
A

t

In e®ect,this recursive function strips the outer binders from a bterm one by

oneusingsubstitution (note that herewe canusean arbitrary T expressionasa

secondargument for the substitution function; the arguments to T do not have

to have the \correct" type) and counts the number of times it needsto do this

beforethe outermost T is exposed.
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Informally,

bdepthf tg := matc h t with

j inlf f g ! bdepthf f ²g + 1

j inrfho;sig ! 0:

We derive the following properties of bdepth.

8l; r 2 N: (bdepthf Vf l ; r gg $ (l + r + 1))

8n 2 N: (bdepthf Bf n; op; tsgg $ n)

Note that the latter equivalenceonly requiresn to havethe \correct" type,while

op and ts may be arbitrary. Sincethe bdepthoperator is neededfor de¯ning the

type of well-formed bterms, at this point we are not yet able to expresswhat

the \correct" type for ts would be.

² leftf tg is designedto compute the \left index" of a V expression.It is de¯ned

as

Y

0

B
B
B
@

¸f : ¸b: ¸n: matc h bwith

¸ b ! 1 + f (b@Tf n; nil g) (n + 1)

j Tf n0; g ! n0

1

C
C
C
A

t 0:

In e®ect,this recursive function substitutes Tf 0;nil g for the ¯rst binding of t,

Tf 1;nil g for the secondone, Tf 2;nil g for the next one, and so forth. Once

all the binders are stripped and a Tf n; nil g is exposed,n is the index we were

looking for. Note that here we intentionally supply T with an argument of a

\wrong" type (N insteadof the operator type); we could have avoided this, but

then the de¯nition would have beensigni¯cantly more complicated.

As expected,we derive that

8l; r 2 N: (leftf Vf l ; r gg $ l) :
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² rightf tg computesthe \righ t index" of a V expression.It is trivial to de¯ne in

terms of the previoustwo operators.

rightf tg := bdepthf tg ¡ leftf tg ¡ 1

² subtermsf tg is designedto recover the last argument of a B expression. The

de¯nition is rather technical and complicated. We ¯rst de¯ne the number of

subtermsof a term.

numsubtermsf tg := Y

0

B
B
B
@

¸f : ¸b: matc h bwith

¸ b ! f (b@Tf ptrueq; nil g)

j Tf ; lg ! jl j

1

C
C
C
A

t

Then we compute the nth subterm of a term.

nth subtermf t; ng := Y

0

B
B
B
@

¸f : ¸b: matc h bwith

¸ b ! ¸ bv: f (b@v)

j Tf ; lg ! nthf l ; ng

1

C
C
C
A

t

The de¯nition for subtermsof a term follows trivially .

subtermsf tg := loff i: nth subtermf t; ig; numsubtermsf tgg

where

loff i: f [i ]; ng := [f [0];¢¢¢; f [n ¡ 1]]

The main property of the subtermsoperation that we derive is

8n 2 N: 8ts 2 List :

(subtermsf Bf n; op; tsgg $ map(¸b: vbndf n; v: vsubstf b; vgg) ts) :
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The right-hand side of this equivalence is not quite the plain \ ts" that one

might have hoped to seehere. However, whents is a list of bterms with binding

depthsat least n, which is necessarilythe casefor any well-formedBf n; op; tsg,

equivalence(4.5) will allow simplifying this right-hand side to the desiredts.

² getopf t; opg is an operation such that

8n 2 N: (getopf Bf n; op; tsg; op0g $ op)

and 8l; r 2 N: (getopf Vf l ; r g; opg $ op) :

Its de¯nition is similar to that of leftfg .

² isvarf tg decideswhether a bterm is a V or a B. It is de¯ned as

isvarf tg := getopf t; ptrueqg 6= getopf t; pfalseqg:

² destbtermf t; l ; r: vcase[l ; r ]; d; op; ts: op case[d; op; ts]g is designedto extract all

the components of the de Bruijn-lik e representation of a bterm. In the rest of

this thesiswewill usethe \prett y-printed" form for destbterm|\ matc h t with

Vf l ; r g ! vcase[l ; r ] j Bf d; op; tsg ! op case[d; op; ts]". It is de¯ned as

if isvarf tg then vcase[leftf tg ; rightf tg]

else op case[bdepthf tg; getopf t; ²g ; subtermsf tg]:

It shouldbe noted that the de Bruijn representativ esVf n; mg and Bf n; o; sg and the

corresponding destructorsare de¯ned in terms of the HOAS operations. They do not

add any additional properties that were not already provable in the metalogic|in

other words, the extensionis conservative. In our implementation, all equivalences

have beenformally veri¯ed.
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4.5 Op erators

The type O of operators is de¯ned abstractly. We only require that operators have

decidableequality and that there exist a function of type O ! N list that computes

operators' shapes. The term shapef opg represents a list of natural numbersspecifying

the binding arities of the corresponding subterms. The following are someexamples.

shapef plambdaqg = [1]

shapef pletqg = [0;1]

shapef paddqg = [0;0]

shapef pdecideqg = [0;1;1]

4.6 The T yp e of Re°ected Terms

Naturally, sincewe wish to reasonabout programsin type theory, we should give a

type that speci¯es the collection of re°ected terms. For this we rely on the function

image type, originated by Nogin and Kopylov [46]. The image type has the form

Imgf A; x: f [x]g where f [x] is an arbitrary function, A is its domain, and the type

includesexactly thoseterms f [a] for each a 2 A.

While it would be straightforward to de¯ne a type containing all de Bruijn-style

terms, we plan to be a bit more careful and include only those where the binding

depths are \sensible." For example,supposeour languagecontains a term called let

with the expectedform.

plet x = t1 in t2[x]q

$

plet f t1; x: t2[x]gq

$

Tf pletq; [pt1q; ¸ bx: pt2[x]q]g
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T yp e de¯nitions
domf Tg := N ¤ N + (§ n : N: § o: O: f s: T list j compatiblef n; shapef og; sgg)4

f (t) := matc h t with inlfhn; mig ! Vf n; mg j inrfhn; o;si g ! Bf n; o; sg

T0 := void
Ti +1 := Imgf domf Ti g; x: f (x)g

BTerm :=
S

i 2 N Ti

Depth compatibilit y
compatiblef n; s; tg := 8i 2 L f 0::jt j ¡ 1g: bdepthf nthf t; igg = n + nthf s; ig5

Figure 4.2: De¯nition of the type BTerm

The ¯rst equivalenceholdsbecause\ let x = t1 in t2[x]" is just the pretty-printed form

of \ let f t1; x: t2[x]g." In this case,the term Tf pletq; [pt1q; ¸ bx: pt2[x]q]g makessense

only if the subterm ¸ bx: pt2[x]q contains exactly one more binder than the subterm

pt1q. In other words, for any re°ected term Bf n; pletq; [r 1; r2]g we require that the

binding depths are well-formed.

bdepthf r1g = n

bdepthf r2g = n + 1

We de¯ne the type BTerm of re°ected terms in Figure 4.2. In this formulation,

the function f (t) producesa variable or bound term in de Bruijn form. The type Ti

represents a quoted term tree with maximal subterm depth i . Finally, the desired

type BTerm is the type of all term treeswith ¯nite depth; it contains all expressions

of the forms:

² Vf i ; j g for all natural numbers i; j ; and

4The dependent product § x : A: B [x] is a spaceof pairs where A is a type, and B [x] is a family
of typesindexed by x 2 A. The elements of the product spaceare the pairs ha;bi , where a 2 A and
b 2 B [a].

58x 2L l : T [x] represents that for each element x of the list l , T [x] holds. Similarly, 9x 2 L l : T [x]
de¯nes the existential quanti¯er for lists.
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² Bf n; op; tsg for any natural number n, operator op, and list of terms ts that is

compatible with shapef opg at depth n.

We derive the intended introduction rules for the BTerm type:

i 2 N j 2 N
Vf i ; j g 2 BTerm

;

n 2 N op 2 O ts 2 BTerm list compatiblef n; shapef opg; tsg
Bf n; op; tsg 2 BTerm

:

Also, the structural induction principle is derived for the BTerm type. Namely,

we show that to prove that someproperty P[t] holds for any re°ected term t, it is

su±cient to prove

² (base case)P holds for all variables, that is, P[Vf i ; j g] holds for all natural

numbers i and j ;

² (induction step) P[Bf n; op; tsg] is true for any natural number n, any operator

op, and any list of re°ected terms ts that is compatiblewith shapef opg at depth

n, provided P[t] is true for all elements t of the list ts.

Note that the type of \terms over n variables" (where n = 0 corresponds to closed

terms) may betrivially de¯ned usingthe BTermtypeand the \subset" typeconstructor|

f t : BTermj bdepthf tg = ng.

4.7 Exotic Terms and Decidabilit y

Further discussionis in order here. First, we should note that what we call the

\HO AS" representation is in fact a very restricted form of HOAS, wherethe Imgf¢; ¢g

type constructor is used to restrict the function spaces. For instance, considerthe

standard HOAS representation of a universal quanti¯er 8x : t1: t2[x]. In traditional

HOAS, this might be represented with a term constructor taking two arguments.

8 : Type ! (Term! Prop) ! Prop
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There are two potential problems with this representation. First, how should

alpha-equality of terms be de¯ned? Strictly speaking, the secondargument to a 8

term is a function. Sincefunction equality is undecidablein general,if alpha-equality

is to be computable, this cannot be an arbitrary function as we normally think of

it! Second,if the function is unrestricted, the issueof exotic terms arisesas we have

mentioned in Chapter 2, where the function analyzesthe structure of its argument

inappropriately.

The approach taken in LF to the ¯rst problem is to syntactically restrict the

function spaceby disallowing term destructors. In LF the ¸ terms are strongly nor-

malizable and alpha-equality is therefore decidable. In LF, exotic terms are simply

not expressible.

Our approach is similar, but also somewhatdi®erent. Our HOAS allows us to

expressexotic terms, however sincethe BTermtype is formalizedas the imageof the

deBruijn representation (and the formalization doesnot refer to function spaces),the

exotic terms are left out and the BTerm type is restricted to only thoseHOAS-style

expressionsthat are not exotic.

Theorem 4.1: The type BTerm contains only those terms that have a de Bruijn

representation.

Pr oof: The induction principle (Section 4.6), which was mechanically checked, es-

tablishesthat the only terms in BTerm are Vf n; mg and Bf n; o; sg. ¥

Corollary 4.1: The type BTerm does not contain exotic terms.

For example,considerthe following exotic term, for somearbitrary ¯xed term t.

¸ bx: ¸ by: if x = t then x else y

This term is in canonicalform, but it doesnot have type BTermbecauseit is not

computationally equivalent to any Vf n; mg or Bf n; o; sg.

Similarly, the mechanically-checked introduction rules for the BTermtype [42] es-

tablish that all the terms that havea deBruijn representation belongto this type. For
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thoseHOAS-style expressionsthat aremembersof the BTermtype, the corresponding

de Bruijn representation is computableand thereforethe alpha-equality is decidable

(as it can be reducedto straightforward comparisonsof de Bruijn representations).

4.8 A Small Example

To illustrate the utilit y of the de Bruijn representation, let us write a simple function

to compute the free variables of a term (as might be used in closure conversion

for example). That is, suppose we have a term t with binding depth n. In the

HOAS representation, this term is computationally equivalent to a term of the form

t = ¸ bx1: ¢¢¢: ¸ bxn : r , and we wish to determinewhich of the variablesx1; : : : ; xn are

free in r .

Now supposewework directly with the HOAS representation. Calculating the free

variablesseemssimple enough.First, we choosetwo distinct terms r 1 6= r2. Then, x i

occurs free in r i® the substitutions are not equal r [r 1=xi ] 6= ® r [r2=xi ].6 This leads

to the following de¯nition.

fvHOAS(t) =

8
<

:
i j r @r1@¢¢¢@r 1| {z }

i

6= ® r @r1@¢¢¢@r 1| {z }
i ¡ 1

@r2

9
=

;

However, this de¯nition is somewhatunsatisfying. It involvesn substitutions and

n equality tests. Most of all, it doesnot conformto the kind of naÄ³ve model we would

expect, where the term is traversed in the usual way. In contrast, the de Bruijn

destructor representation allows the more naÄ³ve algorithm.

In the following program,S is the setof freevariables,t is the term beinganalyzed,

and fold is the list fold function that calls fvdB for each of the terms in the list l . The

key part is the variable case,wherethe variable is addedif its index i is lessthan n,

6We write = ® to emphasizethat this is the expected alpha-equality. Since this is HOAS, this
is just term equality =. As mentioned in the previous chapter, the decidability of term equality in
generaldependson the de¯nition of the HOAS representation.
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which indicates that the variable is free.

fvdB(S; t) = matc h t with

j Vf i ; j g ! if i < n then S [ f ig else S

j Bf n; o; lg ! fold fvdB S l

Weclaim that the deBruijn-style computation fvdB is clearerthan the correspond-

ing HOAS computation fvHOAS . It has a more straightforward computational °avor,

and is perhapssomewhateasierto reasonabout. Of course,there is no magic here.

The two functions are extensionally equivalent. Furthermore, since the de Bruijn

representation is de¯ned in terms of HOAS, it merely codi¯es a style of computation

that is reducible to operations on the HOAS.

4.9 Related Work

In Chapter 2 we have already discusseda number of approaches that we consider

ourselvesinheriting from. Here we would like to revisit someof them and mention a

few other related e®orts.

Our work hasa lot in commonwith the HOAS implemented in Coq by Despeyroux

and Hirschowitz [25]. In both cases,the more generalspaceof terms (which include

the exotic ones)is later restricted in a recursive manner. In both cases,the higher-

order analogsof ¯rst-order de Bruijn operators are de¯ned and used as a part of

the \w ell-formedness"speci¯cation for the terms. Despeyroux and Hirschowitz use

functions over in¯nite lists of variablesto de¯ne open terms, which is similar to our

vector bindings.

There are a number of signi¯cant di®erencesas well. Our approach is su±ciently

syntactical, which allows eliminating all exotic terms, even thosethat are extension-

ally equal to the well-formed ones,while the more semantic approach of [25,24] has

to accept such exotic terms (their solution to this problem is to consideran object

term to be represented by the whole equivalence classof extensionallyequal terms);

http://coq.inria.fr/
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more generallywhile [25] states that \this problem of extensionality is recurrent all

over our work," most of our lemmas establish identit y and not just equality, thus

avoiding most of the issuesof extensionalequality. In our implementation, the sub-

stitution on object terms is mapped directly to ¯ -reduction, while Despeyroux, Felty,

and Hirschowitz [24] have to de¯ne it recursively. In addition, we provide a uniform

approach to both free and bound variablesthat naturally extendsto variable-length

\v ector" bindings.

While our approach is quite di®erent from the modal ¸ -calculusone [28, 26, 27],

there are somesimilarities in the intuition behind it. Despeyroux, Pfenning, and

SchÄurmann [28] says \In tuitiv ely, we interpret ¤ B as the type of closed objects of

type B. We can iterate or distinguish casesover closedobjects, sinceall constructors

are statically known and can be provided for." The intuition behind our approach

is in part basedon the canonicalmodel of the NuPRLtype theory [5,6], whereeach

type is mapped to an equivalencerelations over the closedterms of that type.

Gordon and Melham [37] de¯ne the type of ¸ -terms as a quotient of the type

of terms with concretebinding variables over ®-equivalence. Michael Norrish [47]

builds upon this work by replacing certain variable \freshness" requirements with

variable \swapping." This approach has a number of attractiv e properties; however,

webelieve that the level of abstraction provided by the HOAS-style approachesmakes

the HOAS style more convenient and accessible.

Ambler, Crole, and Momigliano [8] have combined the HOAS with the induction

principle using an approach which in somesenseis opposite to ours. Namely, they

de¯ne the HOAS operators on top of the de Bruijn de¯nition of terms using higher

order pattern matching. In a later work [9] they have described the notion of \ terms-

in-in¯nite-c ontext" which is quite similar to our approach to vector binding. While

our vector bindingspresented in Section4.3are¯nite length, the exactsameapproach

would work for the in¯nite-length \v ectors" as well.

http://nuprl.org/
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Chapter 5

The HO AS Represen tation
Function

The representation function p¢q de¯nesa quotation translation that producesa quoted

form of its argument. To be clear, the quotation p¢q is terminology we use in this

paper to describe the translation; it is not a part of any of the formal logics (F, M,

P). It is important that p¢q be total, where ¢can range over all the constructs of a

formal logic, including rules, theorems,terms, etc.

The de¯nition of the representation function is shown in Figure 5.1. The parts

of interest are the quotations for concreteterms, sequents, and inferencerules. The

quotedrepresentation of a concreteterm, popf b1; ¢¢¢; bngq, producesa newterm with

a quoted name popq, and the quotation is carried out recursively on the subterms

pb1q; ¢¢¢; pbnq. The quotation of a sequent, p¡ ` tq, is similar. For sequents, the

\turnstile operator" is quoted, and the parts are quoted recursively.

The quotation of bound terms introducesa binder, written ¸ bx: t, that represents

each binding in quoted form. Note that the binding variable itself is unchanged;the

variable is preserved as a binding, but each binding is explicitly coded as a ¸ b.

As we can see,the representation function preserves the structure of the term,

including variables,meta variables,and binding structure. This makesit possibleto

preserve a one-to-onecorrespondencebetween proofs in an original logic P and its

re°ected logic pPq.

Finally, the quotation of an inferencerule, pt1 ¡ ! ¢¢¢¡ ! tnq becomesa state-
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Terms
ptq : pxq = x

pz[t1; ¢¢¢; tn ]q = z[pt1q; ¢¢¢; ptnq]
p¡ ` tq = p¡ q p` q ptq
popf b1; ¢¢¢; bngq = Tf popq; [pb1q; ¢¢¢; pbnq]g

pbq : px1; ¢¢¢; xn : tq = ¸ bx1: ¢¢¢: ¸ bxn : ptq

Sequent contexts
p¡ q : ph1; ¢¢¢; hnq = ph1q; ¢¢¢; phnq
phq : px : tq = x : ptq

pX [t1; ¢¢¢; tn ]q = X [pt1q; ¢¢¢; ptnq]

Rules and logics
pPq : pR1; ¢¢¢; Rnq = pR1q; ¢¢¢; pRnq
pRq : pt1 ¡ ! ¢¢¢¡ ! tnq = (Z ` ¤ Ppt1q) ¡ ! ¢¢¢¡ ! (Z ` ¤ Pptnq)

Figure 5.1: The de¯nition of the representation function

ment about provabilit y (Z ` ¤ Ppt1q) ¡ ! ¢¢¢¡ ! (Z ` ¤ Pptnq). The context variable

Z is fresh, and each sequent (Z ` ¤ Ppt i q) is a judgment in the metalogic M about

provabilit y in P. As we will seein Chapter 7, ¤ ?(¢) is a speci¯c binary predicate

de¯ned in metalogic M using the standard de¯nitional mechanismsprovided by the

logical framework F.

Informally, the re°ected form of the rule statesthat if each premiset1; : : : ; tn¡ 1 is

provable in logic P, then so is tn . A key goal is that the re°ected rule pRq must be

automatically derivable from the de¯nition of P. For clarity, when reasoningabout a

single logic we will normally omit the subscript ¤ P and simply write ¤ .

Returning to our example,the quoted form of the substitution lemma (1.1) is as

follows, wherewe write s p2q t for pmemberqf s; tg.

Z ` ¤ (X ; x : z3; Y p` q z1[x] p2q z2) ¡ !

Z ` ¤ (X ; Y p` q z0 p2q z3) ¡ !

Z ` ¤ (X ; Y p` q z1[z0] p2q z2)

(5.1)

The operators have beenquoted (in this casep` q and p2q), and the theorem is
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now a statement about provabilit y expressedin the metalogicasZ ` ¤ ¢¢¢. Only the

operator nameshave beenchanged,otherwisethe structure, including variablesand

binding, hasnot changed.

For an examplewith binding, considerthe rule for universal-introduction, shown

below with the translated version. In this case,the binder x is translated to a meta

binder with ¸ b.

pX ; x : z1 ` z2[x] ¡ ! X ` 8x : z1:z2[x]q

=

Z ` ¤ (X ; x : z1 p` q z2[x]) ¡ ! Z ` ¤ (X p` q p8qf z1; ¸ bx: z2[x]g)

In the next two chapters,we will show how to represent rules in detail and discuss

about proof re°ection.
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Chapter 6

Sequent Represen tation

So far, we have delayed the discussionof the sequent representation. Other than

formalizing the syntax, our goal is to mechanizethe reasoning,which meanswe also

needto represent inferencerules and proofs, and for this purposewe must be able to

represent sequents ¯rst. We want to reducethe sequent representation to the terms

that already exist.

6.1 Sequent Con text Induction

The issueis that arbitrary sequents, especially thosethat areusedto de¯ne judgments

in the programming languageP, usually include context variables. For example,

considera rule that might be usedto de¯ne typing of a lambda abstraction.

p X ; x : A ` z[x] 2 B
X ` ¸x : A: z[x] 2 A ! B lambda-introq

=
Z ` ¤ (X ; x : A p` q z[x] p2q B)

Z ` ¤ (X p` q (p¸ q x : A: z[x]) p2q (Ap! qB)) plambda-introq

Here, X and Z are sequent context variables,A, B , and z[x] are second-ordervari-

ables,andx is a ¯rst-order variable. In general,sequent context variablesarebindings,

sequent contexts are not terms, and they cannot be modeled directly in the object

logic. How can we reducea sequent with a context variable to canonicalform?

Since the framework metalogic we are using (the MetaPRLmetalogic) does not

http://metaprl.org/
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include context quanti¯ers, one option is to add them and use them in the proof-

checking predicate. However, this is undesirable in part becausethe framework's

metalogic would becomeextremely expressive and powerful, but also becausethe

extensionis perilous and di±cult to get right.

Instead, Hickey extendsthe framework's metalogicwith a weak theory of sequent

context induction called teleportation. The central logical property is that contexts

are ¯nite and inductively de¯ned. Note that this represents a strengthening of the

metalogicby e®ectively including Peanoarithmetic.

Teleportation. The conceptbehind teleportation is fairly simple. Sincecontexts

are inductively de¯ned, contexts can be \migrated" from onepoint in a judgment to

another. Scopingmust be preserved, including context variable scoping,but beyond

that the migration locations are unconstrained.The teleportation rule simply states

that in order to be able to teleport the whole context at once,we only need to be

able to migrate it onehypothesisat a time.

To formalize this more precisely, we introduce the notion of teleportation con-

texts, written R[[¡] ], which represents a term or a rule with exactly one occurrence

of the context ¡. We will use the symbol ² to denote the empty context. These

de¯nitions are for presentation purposes;they are not part of the metalogic. Telepor-

tation is speci¯ed usinga pair of nestedteleportation contexts, which we will write as

F [[¢; G[[¢]]]]. Here F [[¡; G[[¢]]]] must be a rule that has exactly one occurrenceof each

of the ¡, ¢ and G; in addition G must be in the scope of ¡.

The simplest teleportation rule hoists the context from G to F .

(base) F [[²; G[[X ]]]]

(step) F [[X ; G[[x : t; Y [x]]]]] ¡ ! F [[X ; x : t; G[[Y [x]]]]]

F [[X ; G[[²]]]]

The teleportation rules are added as new primitiv e rules in our system. The

conservativit y theorem for sequent schema [45], which states that the languageof

meta variables is a conservative extension of the meta-theory, can be extended to
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include teleportation rules. The central observation here is that for any particular

¯nite concretecontext ¡, any proof using the teleportation rules can be transformed

into a proof without teleportation by posinga ¯nite sequenceof lemmas,onefor each

of the intermediate steps.

A simple example. The best way to understandteleportation is through exam-

ples. For a fairly natural one, considerthe problem of context exchange. Supposea

logic has the structural exchangerule for hypotheses.

X 1; y : t2; x : t1; X 2[x; y] ` t3[x; y]
X 1; x : t1; y : t2; X 2[x; y] ` t3[x; y]

We wish to derive the context-exchangeproperty.

X 1; Z2; Z1; X 2 ` t
X 1; Z1; Z2; X 2 ` t

The proof in this casecan be posedas a nestedinduction. To begin, we propose

to migrate Z1 right. To apply the teleportation rule, for each occurrenceof a context

variable ¡ on which we wish to perform induction, we specify a teleportation target,

written as ² ¡ . In the exampleof context exchange,the annotated rule is written as

follows.
X 1; Z2; Z1; ² Z1 ; X 2 ` t
X 1; Z1; Z2; ² Z1 ; X 2 ` t

In the goal clause,the target ² Z1 speci¯es that Z1 is to be shifted right acrossZ2; in

the premises,Z1 is shifted in place. The induction producesa basecase

X 1; Z2; Z1; X 2 ` t
X 1; Z2; Z1; X 2 ` t

;

which is trivial, as well as a step case

X 1; Z2; Z1; X 2 ` t X 1; S; Z2; x : A; T[x]; X 2[x] ` t[x]
X 1; S; x : A; Z2; T[x]; X 2[x] ` t[x]

:
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The step casefollows from the hypothesismigration lemma below.

X 1; Z ; x : A; X 2[x] ` t[x]
X 1; x : A; Z ; X 2[x] ` t[x]

We prove it by migrating Z past the hypothesisx : A. Here is the annotated rule for

the lemma.
X 1; ² Z ; Z ; x : A; X 2[x] ` t[x]
X 1; ² Z ; x : A; Z ; X 2[x] ` t[x]

The basecaseis trivial. The step case,

X 1; Z ; x : A; X 2[x] ` t[x] X 1; S; y : B ; x : A; T[y]; X 2[y; x] ` t[y; x]
X 1; S; x : A; y : B ; T[y]; X 2[y; x] ` t[y; x]

;

follows directly from the hypothesisexchangerule.

6.2 Computation on Sequent Terms

The sequent induction scheme also introducesa sequent induction combinator for

computation over a sequent context. The sequent ind f x; y:step[x; y]; sg performs

computation over a sequent term s. The reduction rules for sequent computation are

as follows.

sequent ind f x; y: step[x; y]; (` t)g ! t (base)

sequent ind f x; y: step[x; y]; (z : t1; X [z] ` t2[z])g !

step[t1; ¸z : sequent ind f x; y: step[x; y]; (X [z] ` t2[z])g] (left-reduction)

sequent ind f x; y: step[x; y]; (X ; z : t1 ` t2[z])g !

sequent ind f x; y: step[x; y]; (X ` step[t1; ¸z : t2[z]])g (right-reduction)

To illustrate, supposewe wish to develop a \v ector" universalquanti¯er. That is,

a sequent with the following de¯nition, given that the logic hasa \scalar" quanti¯er

8x : t1: t2[x].

x1 : t1; ¢¢¢; xn : tn ` 8 tn+1 := 8x1 : t1; ¢¢¢; xn : tn : tn+1
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The de¯nition is implemented in terms of sequent induction.

¡ ` 8 t := sequent ind f x; y: 8z: x: (y z); (¡ ` t)g

We get the following reductions.

` 8 t ! t

x : t1; X [x] ` 8 t2[x] ! 8x : t1: (X [x] ` 8 t2[x])

X ; x : t1 ` 8 t2[x] ! X ` 8 (8x : t1: t2[x])

The simple introduction rule can be derived directly.

Z ; x : t1 ` (X [x] ` 8 t2[x])
Z ` (x : t1; X [x] ` 8 t2[x])

(vall-intro-single)

Furthermore,a generalintroduction rule is alsoderivableusingthe teleportation rules.

Z ; X ` t
Z ` (X ` 8 t)

(vall-intro)

Using similar methods, it is possibleto de¯ne a logic of vector operators,quanti¯ers,

and a vector lambda calculus.

Note that in theserules, the variable X is a context variable, and the rules are

valid for any instanceof X .

6.3 Computing Canonical Sequent Represen tations

With this newtool in hand, let us return to the topic of re°ection, wherethe issuewas

that we needto reducethe re°ected sequents (with context variables) to canonical

representations.

At this point, the plan is conceptuallyeasy. Therearetwo parts. First, wedevelop

a canonical representation of concretesequents without context variables. For the

secondpart, we de¯ne a (formal) function that computesthe canonicalrepresentation
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from the noncanonicalform that includescontext variables.

The ¯rst part is an issueof coding, wherethe goal is to de¯ne a representation that

preservesthe structure of concretesequents. We choosethe following representation,

where p¸ H qx : t1: t2 is a quoted term that represents a hypothesis, its binding, and

the rest of the sequent; and pconcl qf tg represents the conclusionof the sequent.

x1 : t1; ¢¢¢xn : tnp` qtn+1 := p¸ H qx1 : t1: ¢¢¢:p¸ H qxn : tn : pconcl qf tn+1 g

where

p¸ H qx1 : t1: t2 := Tf phlambdaq; [t1; ¸ bx: t2]g

pconcl qf tg := Tf pconcl q; [t]g

For the secondpart, we de¯ne a function over arbitrary quoted sequents using

sequent ind that computesthe canonicalrepresentation from its noncanonicalform.

This function, written ` B , is de¯ned as follows.

X ` B t := sequent ind f x; y: p¸ H qz: x: (y z); (X ` pconcl qf tg)g

Using this de¯nition, the representation of a re°ected rule is computedusing ` B

in placeof p` q. The original re°ected form of a rule

R = (¡ 1 ` t1) ¡ ! ¢¢¢¡ ! (¡ n ` tn )

is

pRq = (Z ` ¤ (p¡ 1q p` q pt1q)) ¡ ! ¢¢¢¡ ! (Z ` ¤ (p¡ nq p` q ptnq)):

Using the noncanonicalforms, the new representation is

pRq = (Z ` ¤ (p¡ 1q ` B pt1q)) ¡ ! ¢¢¢¡ ! (Z ` ¤ (p¡ nq ` B ptnq)):
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For example,the re°ection form of the lambda-typing rule is as follows.

Z ` ¤ (X ; x : A ` B z[x] p2q B)
Z ` ¤ (X ` B (p¸ q x : A: z[x]) p2q (Ap! qB))

plambda-introq

The right-hand side will be proved by ¯rst reducing the ` B sequents to canoni-

cal form. Note that contexts and context variablesare not terms, and so it remains

impossibleto quantify over them directly. However, the reducedform of a noncanon-

ical ` B sequent with context variables does contain sequent subterms with context

variables. With teleportation it is possibleto show that theseembeddedterms are

well-de¯ned.

Note that occurrencesof ` B represent actual sequents, and a sequent X ` B t has

the type BTerm when X ` t is a proper sequent. Sincethe re°ection translation p¢q

preservesvariables,including context variablesand bindings, the re°ectedform of the

rule hasthe samebinding structure asthe original rule in the programminglanguage

P. In fact, the re°ected rule is in a form that can be useddirectly as a proof step in

the re°ected logic pPq, and there is a one-to-onecorrespondencefrom proof stepsin

P to proof stepsin pPq. Furthermore, aswe discussin the next chapter, the re°ected

rules (such as plambda-introq) are automatically derivable in the metalogicM.
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Chapter 7

Pro of Re°ection

As mentioned earlier, re°ection contains two main parts: representing the syntax,

and mechanizing the reasoning.Heretoforewe have postponed the treatment of the

provabilit y predicate ¤ P t, in which t is the quotation of a formula provable in logic

P. In fact, a conceptwe have glossedover is the truth of re°ected rules|if logic P

de¯nes a rule R, the truth of pRq doesnot follow axiomatically. It must be proved,

and the proof relieson the de¯nition of the provabilit y predicate. For the most part,

this de¯nition is a coding problem where the objective is to construct a formal data

structure that corresponds exactly to the legal derivations/proof trees. To de¯ne

provabilit y properly, we take the following steps.

² First, for each rule R 2 P, we de¯ne a proof checking predicate that speci¯es

whether a proof step is a valid application of rule R.

² Next, we de¯ne the (legal) derivations to be the proof trees where each proof

step in the tree is validated by somerule R 2 P.

² A formula t is provablein logic P if, and only if, there is a derivation with root

t.

The usualpropertieshold: proof checking is decidable,provabilit y is not decidablein

general.
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7.1 Pro of Checking

A logicP is an orderedlist of inferencerulesR1; : : : ; Rm . A proof is a treeof inferences,

and it is legal only if each proof step correspondsto an inferenceusing somerule R i .

A proof step is a node in the proof tree that corresponds to a concrete inference

t1 ¡ ! ¢¢¢¡ ! tn¡ 1 ¡ ! tn . We call the terms t1; : : : ; tn¡ 1 the premises, and the term

tn the goal.

In general, a rule R de¯nes a schema, where each second-ordermeta variable

stands for a term, and each context meta variable stands for a context. A concrete

proof step is a valid inferenceof a rule R i® for each second-ordermeta variable in

R there is an actual term, and for each context meta variable in R there is an actual

context, such that the concreteinferenceis an instanceof the rule.

Let us state this more formally. The arity of a meta variable is the number of its

arguments, soa variable z[t1; ¢¢¢; tn ] hasarity n. Let BTermf ig be the type of quoted

terms of arity i , corresponding to the spaceof substitution functions BTermi ! BTerm.

Similarly, let Context f ig be the type of contexts of arity i (the contexts correspond

to lists of quoted terms).

Consider a rule R with free second-ordervariables x j 1
1 ; ¢¢¢; x j n

n and free context

variables X i 1
1 ; ¢¢¢; X i m

m , where the superscripts i k and j k indicate the arities of the

variables.1 Then a concreteinferencer is a valid instanceof rule R i® the following

holds.
9x j 1

1 : BTermf j 1g; ¢¢¢; x j n
n : BTermf j ng:

9X i 1
1 : Context f i 1g; ¢¢¢; X i m

m : Context f i mg:

r = R 2 ProofStep

(7.1)

That is, the concreteinferencer is equalto an instanceof rule R. The typeProofStep

is the type of proof steps, de¯ned as BTermlist £ BTerm, containing the pairs

hpremises; goali . In our MetaPRL implementation, each premise/goal is a re°ected

sequent; as stated in Chapter 6, it has type BTerm.

For the purposesof proof checking, the existential witnessesare assembled into

1In a setting where context variables are treated as binders, the variable arities are expressions
that depend on the lengths jX k j.

http://metaprl.org/
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a proof witness term, and passedas explicit arguments to the checker. A proof

witness is de¯ned to be an element of the Witness type, which in turn is de¯ned as

BTermlist £ Context list .

Returning to the exampleof the substitution lemma(5.1), the correspondingproof

checker is de¯ned as follows, wherer is the concreteproof step to be checked.

checksf subst lemma; r ; h[z1; z2; z3; z0]; [X ; Y ]ig =

r =

*
[(X ; x : z3; Y ` B z1[x] p2q z2); (X ; Y ` B z0 p2q z3)];

(X ; Y ` B z1[z0] p2q z2)

+

2 ProofStep
(7.2)

Note that we use ` B instead of p` q in the subst lemmaabove; as mentioned in

Chapter 6, this is the canonicalrepresentation of sequents.

In general, the \rule checker" predicate checksf R; r ; wg takes three arguments,

where R is a rule, r 2 ProofStep is a concreteinference,and w 2 Witness is the

witnessfor the rule instantiation. Given a logic P with rules R1; : : : ; Rn , a proof step

is valid i® it is an instanceof oneof the rules in the logic.

checksPf r ; wg := 9R 2 P [R1; ¢¢¢; Rn ]: checksf R; r ; wg

Sinceproof step equality is decidable,and each logic hasa ¯nite number of rules, the

checksPf r ; wg predicate is decidableas well.

7.2 Deriv ations and Pro vabilit y

Now that we have de¯ned proof step checking, the next part is to de¯ne the valid

derivations, or proof trees. For this chapter, we will assumewe are referring to a

speci¯c logic P, using the proof-checking predicatechecksP for logic P.

The type D of all derivations is de¯ned inductively in the usualway. A derivation

is a ¯nite tree of proof steps;the derivation is valid i® each proof step is valid. The

derivations are de¯ned inductively over the length of the derivation. There are no

derivations of length 0, and a derivation of length i has a goal term and a list of
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derivation premises,in the following form, where D i is the type of derivations of

length at most i , and each premisedi ¡ 1
j has length at most i ¡ 1.

D i 3
di ¡ 1

1 ¢¢¢ di ¡ 1
n

t

Given a derivation d, we de¯ne goal f dg to be the goal term of d. Extending this to

lists, wede¯ne goal f [d1; ¢¢¢; dn ]g to bethe list of goalterms for derivationsd1; : : : ; dn .

The type D i of derivations of length at most i can be de¯ned formally as follows,

where void is the empty type. The type D of all derivations is the union of all

derivations of ¯nite length.

D0 := void

D i +1 := § premises: D i list : § goal term: BTerm: § witness: Witness:

checksPfhgoal f premisesg; goal termi ; witnessg

D :=
[

i 2 N

D i (7.3)

This de¯nition alsoallows us to prove an induction principle, which will form the

basisfor proof induction.

8P: ((8premises: D list : 8g: BTerm: 8w: Witness:

(checksP fhgoal f premisesg; gi ; wg

) 8p 2 L premises: P[p]

) P [hpremises; g; wi ]))

) 8d: D: P[d])

At this point, the de¯nition of the provability predicate ¤ t is straightforward. A

quoted term t is provable i® there is a derivation wheret is the goal term.

¤ t := 9d: D: (goal f dg = t 2 BTerm)
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7.3 Pro of Re°ection and Automation

One important consequenceof structure preservation is that proofs can be re°ected

as well.

Lemma 7.1: The re¯nement relation for rules [45] is preserved whenre°ected. Specif-

ically, let R be a rule, and ¾be a re¯nement of R (by second-order and context sub-

stitution), producing R0. The following diagram is commutative for an appropriate

re¯nement ¾0.

R ¾¡ ! R0

# #

pRq ¾0

¡ ! pR0q

Pr oof: De¯ne ¾0 to be the re°ected form of ¾. Namely, for each substitution in

¾, de¯ne a corresponding substitution in ¾0, where each term operator is re°ected.

Becausethe p¢q mapping preservesbinding and free variable structure, ¾0 will be a

valid re¯nement function [45]. By construction, ¾0(pRq) is pR0q. ¥

Lemma 7.2: If P de¯nes an axiom R, the re°ected form of R, pRq, is a theorem in

the metalogic M.

Pr oof: SupposeR is an axiom with premisest1; : : : ; tn¡ 1, and goal tn .

R = t1 ¡ ! ¢¢¢¡ ! tn¡ 1 ¡ ! tn

As mentioned in chapters 5 and 6, its re°ected form is as below.

pRq = (Z ` ¤ (p¡ 1q ` B pt1q)) ¡ ! ¢¢¢¡ ! (Z ` ¤ (p¡ nq ` B ptnq))

The de¯nition of the provabilit y predicate says that there is a derivation with root

p¡ i q ` B pt i q for all i = 1::n, which meansthere is a ¯nite tree of valid proof steps.

Each valid proof step is an instance of one of the inferencerules in the logic. As
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T1

T21 T22

R1

R2

T31 T32 T33

R3

R4 R5 R6

Original logic P

automatic¡¡ ¡ ¡ ¡ ¡ ¡ ¡!

¤ pT1q

¤ pT21q ¤ pT22q

pR1q

pR2q

¤ pT31q ¤ pT32q ¤ pT33q

pR3q

pR4q pR5q pR6q

Metalogic M

Figure 7.1: An exampleproof tree and its re°ected form: ¤ pT1q is proved automatically

pointed out by Nogin and Hickey [45], this implies that ¡ i ` t i is provable in P. This

holds for all i = 1::n, so pRq is true in M. ¥

Theorem 7.1: When re°ected, the derived rules in P are automatically derivablein

the metalogic M.

Pr oof: Considera proof in the original logicP of sometheoremT1. In a foundational

prover, the proof is expressedasa tree of inferencesthat can be linearizedto a ¯nite

sequenceof rule applications R1; R2; : : : ; Rm , which meansafter applying rule R1, T1

producessubgoalsT21; T22; : : : ; T2j and the subgoalsare then proved sequentially by

rule applications R2; : : : ; Rm . SeeFigure 7.1 for an exampleproof tree of T1, where

after applying R1 we get T21 and T22. T21 is proved by applying R2, and T22 by

R3; : : : ; R6.

By de¯nition, the re°ected rule pT1q has the samestructure as T1. Lemma 7.2

statesthat pR1q is a derived theoremin M. If we apply pR1q on pT1q, by Lemma7.1,

we will get a seriesof subgoalspT21q, pT22q, . . . , pT2j q, which are the structure-

preserved re°ected forms of T21; T22; : : : ; T2j (seeFigure 7.1). The proof of this the-

orem follows immediately by induction on the depth of the proof tree. The proof
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of pT1q is a one-to-onemap of the original theorem, using re°ected justi¯cations in

placeof the original. That is, the re°ected proof is pR1q; pR2q; : : : ; pRmq. ¥

While this might seemquite straightforward, the important property here is that

the prover internals do not needto be re°ected. It is not necessaryto formalize the

inferencemechanics of the theorem prover, becausethe original mechanism works

without changein the re°ected theory.

Proof automation is similar. Again, in a foundationalprover,2 each run of heuristic

or decisionprocedureis justi¯ed by a sequenceof inferencesR1; R2; : : : The existing

automation may be usedfor reasoningin the re°ected logic, provided that rule selec-

tion for re°ected proofs usesthe re°ected rules rather than the original ones.

7.4 Pro of Induction

Up to this point, we have presented a structure-preservingrepresentation function, a

mechanismfor formalizing re°ectedlogics,and a procedurefor deriving re°ectedprov-

abilit y rules. This systemis alreadypowerful enoughto expressand prove metaprop-

erties over re°ected systems. However, it remains impractical. There is a piece

missing,namely induction on the provabilit y predicate ¤ t.

What exactly is the induction principle for provabilit y? Supposewe wish to prove

a theorem of the form ¤ x ) P[x], where x is a variable, and P is a predicate on

quoted terms. Sincex is provable, that meansthat there is a derivation with root x,

and we can apply induction on the length of the derivation.

Now, for illustration, assumethat the logicP contains three rules,P = [t11; t21 ¡ !

2It is not clear to us whether a similar mechanism might work for non-foundational provers(those
with \trusted" decisionprocedures).
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t22; t31 ¡ ! t32 ¡ ! t33]. Then the induction form has the following shape.

(rule sketch)

¡; ¤ t11 ` P[t11]

¡; ¤ t21; ¤ t22; P[t21] ` P[t22]

¡; ¤ t31; ¤ t32; ¤ t33; P[t31]; P[t32] ` P[t33]

¡; ¤ x ` P[x]

However, this rule is not quite right. The issue is that the terms t ij will, in

general,contain meta variables,and the meta variablesmust beseparatelyuniversally

quanti¯ed for each induction case.

As mentioned in Chapter 6, explicit quanti¯cation of meta variables is not ex-

pressiblein our metalogic FMetaPRL. However, here it is acceptableto useobject-

quanti¯ers provided by the metatheory M CTT . There is no appreciablee®ecton proof

automation as long as the ¯rst-order form is compatible with the automatically gen-

eratedre°ected rules. The correct form of the rule explicitly quanti¯es over the meta

variables, reusing the mechanism for generating the proof-checking rules. For the

current example,we introduceexplicit quanti¯ers. In this casewe write t ij [ ~X ] to rep-

resent a term that may contain any of the variable ~X but is otherwisefreeof context

variables.

¡; ~X : Context ; ¤ t11[ ~X ] ` P[t11[ ~X ]]

¡; ~X : Context ; ¤ t21[ ~X ]; ¤ t22[ ~X ]; P[t21[ ~X ]] ` P[t22[ ~X ]]

¡; ~X : Context ; ¤ t31[ ~X ]; ¤ t32[ ~X ]; ¤ t33[ ~X ]; P[t31[ ~X ]]; P[t32[ ~X ]] ` P[t33[ ~X ]]

¡; ¤ x ` P[x]

In our implementation, we generatea variant of this rule that allows for induction

over terms, not just variables. This is done by introducing a \shared" term u that

establishesa connectionbetweenthe provable term t and the predicateP. The actual

theoremhasthe form ¡; u : t1; ¤ t2[u] ` P[t3[u]], whereu is the sharedpart. The new

form is derivable from the previous casefor provabilit y on variables, and is stated

http://metaprl.org/
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below.

8P: 8t2: ((8v : t1: 8premises: BTerm list : 8w: Witness:

(checksPf (premises; t2[v]); wg

) 8p 2 L premises: ¤ p

) 8p 2 L premises: 8w: t1: (t2[w] = p ) P[w])

) P[v]))

) 8u: t1: (¤ t2[u] ) P[u]))

This mechanism establishesthe principle of proof induction. The principle of

structural induction is reducible to proof induction by specifying the syntax of a

languageas a logic of type checking, as will be discussedin Section8.4.

7.5 Preliminary Discussion

At this point, all the piecesare in place. We have de¯ned

1. the type BTerm of re°ected terms,

2. the re°ection function p¢q,

3. the provabilit y predicate¤ r (for r 2 BTerm), and

4. we have derived a proof induction principle.

The following are the key stepswhen using this methodology.

² To reasonabout a speci¯c programming languageP:

1. Formalize the syntax and axioms/typing rules R1; : : : ; Rn as a primitiv e

logic P in the framework F.

2. State any relevant theoremsR0
1; : : : ; R0

m of interest in P. Prove thosethat

do not require metatheoretical reasoning.
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3. Instruct the framework to re°ect the logic P. The framework will createa

subtheory pPq of the metalogicM having the following parts,

{ a de¯nition of ¤ P,

{ inferencerules pR1q; : : : ; pRnq,

{ theoremstatements pR0
1q; : : : ; pR0

mq,

{ a proof induction principle for ¤ P r , wherer is a re°ected formula in

pPq.

² The following are proved automatically by the framework:

{ Each inferencerule pRi q is derived as a theoremof M.

{ The induction principle is derived as theoremof M.

{ Any proofs of the theoremsR0
1; : : : ; R0

m are re°ected to form the proofs of

pR0
1q; : : : ; pR0

mq.3

² At no point are new axioms added to F and M; the subtheory pPq is fully

derived.

As we have mentioned, the structure of terms and rules is preserved by the transfor-

mation pPq. The practical consequenceis that reasoningin the original logic P maps

directly to reasoningin the re°ected logic pPq; any approach to constructing a proof

of the theoremR0
i in P equally appliesto proving pR0

i q in pPq.

If a theoremR0
i is not provedin P, the framework will state the correspondingpR0

i q

as a theorem to be proved in the re°ected logic pPq by the user. The re°ected logic

pPq a®ordsan induction principle, and in addition permits the useof quanti¯ers from

M that are not available in P. Thesetwo properties together enablethe statement

(and proof) of metatheoretical principles that could not be proved in P itself. Such

metatheoreticalprinciples can then be usedin the proof of pR0
i q.

It should be noted that this is only a fragment of re°ection|w e do not add a

re°ection rule ¤ ptq ) t. Any metatheoremthat is provedin pPq remainsa fact solely

3This step is mechanical, but in our implementation it is not yet complete.
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of pPq; the original theory P remainsopen and unconstrained.While a re°ection rule

could be added as a new axiom to F, we believe it is unnecessaryand that the

consequent strengtheningof the framework logic F is undesirableand dangerous.
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Chapter 8

An Example: F<:

To illustrate re°ection in practice, we have formalizedan initial part of the program-

ming language/type systemF<: , as de¯ned by the POPLmark challenge. This work

(as well as the re°ection mechanism that hasbeendiscussed),is implemented in the

MetaPRL logical framework. In this system, the framework logic F is the logic of

sequent-schema [45], which is essentially a logic of second-orderHorn formulas; the

metalogicM is Computational Type Theory [42], a variant of Martin-LÄof type theory.

Following the methodology described in the previouschapter, the ¯rst step is to

de¯ne PF<: as a primitiv e logic in F. This immediately brings us to the issueof

syntax and representation. In most textbook accounts, the syntax of a logic receives

little discussion;the syntax is frequently described with a context-free grammar, and

then dismissedso that the discussioncan proceedto more interesting issues. In a

formal account, the processcannot be dismissed,and in fact is quite important, as it

provides the basisfor structural induction.

8.1 De¯ning the Syntax of F<:

The syntax of F<: is shown in Figure 8.1 in the usual textbook form aswell as in the

concretesyntax for de¯ning the terms of a logic in MetaPRL. The textbook form is

standard. The MetaPRLform introduceseach term asa declaration. The \t ypeclass"

declarations, such as declare typeclassTy, de¯ne classesof syntax (this should not

be confusedwith the word typeclassas it is usedin Haskell or other languages;the

http://metaprl.org/
http://metaprl.org/
http://metaprl.org/
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Syn tax in textb ook form Raw syntax for PF<: (in MetaPRL)
t ::= Types declare typeclassTy

j Top the maximal type declare Top: Ty
j t1 ! t2 function space declare TyFunf t1: Ty; t2: Tyg: Ty
j 8X <: t1: t2[X ] universal type declare TyAllf t1: Ty; X: Ty. t2[X]: Tyg: Ty

e ::= Expresssions declare typeclassExp
j ¸x : t: e[x] functions declare lambdaf t: Ty; x: Exp. e[x]: Expg: Exp
j e1 e2 applications declare applyf e1: Exp; e2: Expg: Exp
j ¤X <: t: e[X ] type abstraction declare Lambdaf t: Ty; X: Ty. e[X]: Expg: Exp
j e[[t]] type application declare Applyf e: Exp; t: Tyg: Exp

P ::= Propositions declare typeclassProp
j e 2 t type membership declare memberf e: Exp; t: Tyg: Prop
j t1 <: t2 subtyping declare subtypef t1: Ty; t2: Tyg: Prop

J ::= ¡ ` P Judgments declare typeclassJudgment

¡ ::= h1; ¢¢¢; hn sequent contexts declare sequentf
h ::= x : t value assumption j Exp: Ty

j X <: t type assumption j Ty: TyBound
>- Propg: Judgment

Figure 8.1: The syntax of F<: , in textb ook form and in the concretesyntax for P
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meaninghereis simply that the term Ty denotesa syntactic collectionof terms). The

term declarations are in a restricted form of HOAS. For example, the declaration

TyFunf t1: Ty; t2: Tyg: Ty speci¯es that the term TyFun represents a type (Ty) with

two subterms, both of which must be types. The declaration TyAllf t1: Ty; X: Ty.

t2[X]: Tyg: Ty is similar, but it introducesa binding X , and the subterm t2[X] must

be a type if X is a type.

Sequent declarationsintroducea new issue. In F<: , sequent hypotheseshave two

forms, one that introducesan expressionbinder, and another that introducesa type

binder. For example,in the F<: sequent X <: Top;x : X ` x 2 X , the variable X has

type Ty, and x has type Exp. The corresponding MetaPRLdeclaration includes the

two cases.As a technicality, the MetaPRLframework logic F includesonly a single

binding form, so we introduce a new term BoundedByf t: Tyg: TyBound. The F<:

hypothesisX <: Top takesthe form X: BoundedByf Topg.

8.2 Re°ected Syntax

When re°ected, a formula t 2 PF<: becomesa formula ptq 2 BTerm. However,

we should be careful here,becausethe transformation ptq is de¯ned over many more

terms than thosein PF<: . For example,wehaveplambdaf Top;x:Topgq 2 BTermeven

though lambdaf Top;x:Topg is not a well-formed formula of F<: . The type BTerm

includesall the re°ected formulas; what is neededis to de¯ne subtypesBTermC where

C is a syntactic class(for exampleBTermTy).

However, naÄ³ve de¯nitions of BTermC quickly run aground. For example,suppose

we wish to de¯ne the type BTermTy using a type-theoreticform of set comprehension

BTermTy := f t : BTermj istyf tgg;

whereisty : BTerm! B is a predicateand istyf tg is true i® t is a term that represents

http://metaprl.org/
http://metaprl.org/
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a type in F<: . The pseudocode is as follows.

istyf tg = matc h t with

j Top ! true

j TyFunf t1; t2g ! istyf t1g ^ istyf t2g

j TyAllf t1; x:t 2[x]g ! istyf t1g ^ 8x : BTermTy: istyf t2[x]g

However, the ¯nal clausefor TyAll includesa quanti¯cation over BTermTy, sothe type

de¯nition must at least be recursive. Furthermore the occurrenceis negative; this

approach is unlikely to work. In fact, this kind of negativity is just an instanceof the

generalproblem of naming in formal metatheory.

However, there is a simple and easy way out, which is to de¯ne the syntax as

a logic. That is, each term declaration is viewed as a syntactical judgment. We

introducea syntactical judgment ` M (we call it a \metat ype" judgment) that de¯nes

syntactic well-formedness. Some examplesare shown in Figure 8.2. The syntax

rules are expressedin prere°ected form. For the most part, theserules are entirely

straightforward. Each declaration de¯nes a corresponding type-checking rule in the

logic ` M . Sequent declarationsresult in two or more type-checking rules,wherethere

is onerule for each of the kinds of hypothesesin the sequent.

If we wish, we can now give a formal de¯nition to the type BTermTy as follows.

BTermTy := f t : BTermj ¤ (` M t 2M Ty)g

Note however that this type includesonly the closedterms t. For this reason,in our

implementation, we usethe predicate ¤ (¡ M ` M t 2M Ty) directly.

8.3 The F<: Logic

We now proceedto de¯ne the logical (as opposedto syntax) rules of the F<: type

system. The rules themselvesare standard, we show a small fragment in Figure 8.3.
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Syn tax judgmen ts Rules
JM ::= ¡ M ` M t 2M C syntax judgment
¡ M ::= x1 : C1; ¢¢¢; xn : Cn syntax contexts ¡ M ; x : C; ¢ M [x] ` M x 2M C

Syntax declaration Syn tax judgmen ts

TyAllf t1: Ty; X: Ty; t2[X]: Tyg: Ty ¡ M ` M t1 2M Ty ¡ M ; X : Ty ` M t2[X ] 2M Ty
¡ M ` M TyAllf t1: Ty; X: Ty; t2[x]: Tyg 2 M Ty

lambdaf t: Ty; x: Exp; e[x]: Expg: Exp ¡ M ` M t 2M Ty ¡ M ; x : Exp` M e[x] 2M Exp
¡ M ` M lambdaf t: Ty; x: Exp; e[x]: Expg 2M Exp

sequentf Exp: Ty j Ty: TyBound` Propg: Judgment

8
>>>>>>>>>>>>><

>>>>>>>>>>>>>:

¡ M ` M P 2M Prop
¡ M ` M (` P) 2M Judgment

¡ M ` M t 2M Ty
¡ M ; x : Exp` M (Y [x] ` P[x]) 2M Judgment

¡ M ` M (x : t; Y [x] ` P[x]) 2M Judgment

¡ M ` M t 2M TyBound
¡ M ; x : Ty ` M (Y [x] ` P[x]) 2M Judgment
¡ M ` M (x : t; Y [x] ` P[x]) 2M Judgment

Figure 8.2: A fragment of the syntax judgments

Here, the letters e, s, S, and T stand for second-ordermeta variables. As before,

hypothesisx : BoundedByf tg represents the form x <: t.

The remainder of the logic now proceedsmuch as it did for the syntax. When

re°ected, the rules de¯ne a logic of provabilit y in pPq. The re°ected sublogic pPq

enablesreasoningboth by structural induction (basedon the syntax rules) and proof

induction (basedon the logical rules), and the user can draw on either principle as

needbe.

Textbook notation Concrete representation in MetaPRL

x 2 domf ¡ g
¡ ` x <: x sa tvar

prim sa tvar :
X ; x : BoundedByf tg; Y [x] ` subtypef x; xg

¡; x <: S ` e 2 T
¡ ` ¤x <: S: e 2 8x <: S: T t tabs

prim t tabs :
X ; x : BoundedByf Sg ` memberf e[x]; T [x]g

X ` memberf Lambdaf S; x:e[x]g; TyAllf S; x:T [x]gg

Figure 8.3: A fragment of logical rules from F<:
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One point to note is that some metaproperties are expressiblein the original

logic, and it is usually desirableto do so in thesecases.For example,the property of

re°exivit y of subtyping is expressible(though not provable) in the original logic, asa

theoremof the following form.

¡ ` t <: t

When re°ected in the context of the F<: syntax, we require that the theorem be

a valid judgment of the logic FF<: , and the theoremtakesthe form

(¤ ` M (¡ p` q t <: t) 2 M pJudgmentq) ) (¤ (¡ p` q t p<: qt)) ;

wherequotations have beenadded in the appropriate placesby the re°ection mech-

anism.

8.4 Structural Induction

Sincethe syntax is expressedasa type-checking logic, structural induction reducesto

proof induction. That is, a type-checking judgment hasthe form ¤ (¡ M p` M q ptq p2M q pCq),

for someterm t and syntax classC. Induction on the provabilit y yields the possible

casesfor the term t.

To illustrate, supposewe wish to prove re°exivit y of subtyping. The proof pro-

ceedsas follows. For clarity, we have omitted occurrencesof the quotation symbol

p¢q; it should be understood that every non-variable term is quoted.

² ¤ (` M (¡ ` x <: x) 2M Judgment) ) ¤ (¡ ` x <: x)

This is the goal to be proved. We forward chain, using the assumption as

follows.

{ ¤ (` M (¡ ` x <: x) 2M Judgment)

This is the assumption. Proof induction on the Judgmentjudgment leads

to the following fact, where the b¡ c denotesthe reduction of the context

¡ to a syntactic context with hypothesesof the form x : C.
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{ ¤ (b¡ c ` M (x <: x) 2M Prop)

From the declaration for subtype, we can infer from (x <: x) that x is a

type by proof induction.

{ ¤ (b¡ c ` M x 2M Ty)

² We now perform structural induction on ¤ (b¡ c ` M x 2M Ty), to obtain the

following subgoals. By assumption (b¡ c ` M x 2M Ty) has a proof, and that

proof must end with oneof the Ty rules, sox is either a variable or oneof Top,

TyFun, or TyAll.

{ ¤ (¡; x <: T; ¢[ x] ` x <: x)

{ ¤ (¡ ` Top <: Top)

{ ¤ (b¡ c ` M t1 2M Ty) ) ¤ (¡ ` t1 <: t1) )

¤ (b¡ c ` M t2 2M Ty) ) ¤ (¡ ` t2 <: t2) )

¤ (¡ ` (t1 ! t2) <: (t1 ! t2))

{ ¤ (b¡ c ` M t1 2M Ty) ) ¤ (¡ ` t1 <: t1) )

¤ (b¡ c; x : Ty ` M t2[x] 2M Ty) )

¤ (¡; x <: Top ` t2[x] <: t2[x]) )

¤ (¡ ` (8x <: t1: t2[x]) <: (8x <: t1: t2[x]))

Each of thesesubgoalsis now provable from the rules in pF<: q.

In other cases,the metatheoremsare not expressiblein the original logic. For ex-

ample, the proof of transitivit y of subtyping requiresthe proof of two properties by

simultaneousinduction.

1. If ¡ ` t1 <: t2 and ¡ ` t2 <: t3, then ¡ ` t1 <: t3.

2. If ¡ ; x <: t2; ¢[ x] ` t4[x] <: t5[x] and ¡ ` t6 <: t2, then ¡ ; x <: t6; ¢[ x] `

t4[x] <: t5[x].
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Sincethe theorem is the simultaneousproof of two rules, it cannot be expressedin

F<: . In the re°ected systemit simply becomesa conjunction.

0

B
B
B
@

(¤ ¡ ` t1 <: t2) )

(¤ ¡ ` t2 <: t3) )

(¤ ¡ ` t1 <: t3)

1

C
C
C
A

^

0

B
B
B
@

(¤ ¡ ; x <: t2; ¢[ x] ` t4 <: t5) )

(¤ ¡ ` t6 <: t2) )

(¤ ¡ ; x <: t6; ¢[ x] ` t4 <: t5)

1

C
C
C
A

The proof proceedsin the usual way, by structural induction on t2 [12, Appendix

A].
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Chapter 9

Discussion and Future Work

The goal of this work is to develop a practical theory of logical re°ection. While re-

°ection canbede¯ned over many di®erent representations, we believe that a practical

approach requiresreusingexisting automatedmethods,and doing sorequiresthat the

structure of a theory be preserved, including variables,meta variables,and bindings.

We presented a structure-preservingrepresentation of syntax and logical terms, using

a hybrid approach of a combined HOAS/de Bruijn representation. Basedon a weak

form of sequent context induction calledteleportation, wedevelopeda mechanismthat

allows reasoningand computation over terms that include sequent context variables.

This led to a formalization of proofs, proof-checkers, and derivations, together with

automated generationof re°ected rules and induction forms in the re°ected theory.

In someways, the result seemssimple. When a logic is re°ected, its presentation

changesonly slightly, and the existing reasoningmethods and proof procedurescon-

tinue to work. The di®erenceis, of course,that reasoningabout metaproperties of

the logic becomespossible.

It was important to us that the development of the theory of re°ection be accom-

paniedby its implementation. This makesit moreusefulof course,but an additional

reasonis that the theory of re°ection is rife with paradoxes,and it is easyto fall into

falsethinking. While we have tried to simplify the account in this thesis, the actual

formalization was demanding. In Appendix A we show an architectural overview of

the theorieswe implemented in MetaPRLand in Appendix B we provide a selected

listing of the most important implemented theories. The complete theory listing is

http://metaprl.org/
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online and freely available [42].

Part of the power of our approach comesfrom the availabilit y of ¯rst-order forms

(including the deBruijn representation) that areusedto build the formal foundations.

The goal, however, is to provide users with a convenient HOAS-basedhigh-level

interface.

This formal framework of re°ection providesa generaland uniform way to de¯ne,

view, and manipulate programming languages,and can be usedto develop program-

ming languagemetatheories.Currently, we are usingre°ection to developan account

of the F<: type theory as de¯ned by the POPLmark challenge. Using our environ-

ment for the task of formalization is straightforward; the routine proofs are fully

automated. In addition, for simple proofs, the ¯rst-order forms are entirely hidden.

One challenge,however, is to simplify the useof proof induction, which, asdiscussed

in Section7.4, relieson the ¯rst-order representation, including the metalogicquan-

ti¯ers. The useof metalogicalquanti¯ers di®ersfrom the rest of the account, where

implicit framework quanti¯ers are used to quantify over second-orderand context

variables. The result is that there is a mismatch in representation when induction

is performed, and proofs by induction are overly complicated. We believe that this

can be solved by reformulating the induction rules, and we are currently working on

a solution.

Another areaof immediate interest is the issueof evaluation contexts, which are

neededfor reasoningabout preservation and progress.Webelieve that the syntactical

de¯nitions usedfrequently in the literature provide a natural way to de¯ne evaluation

contexts, and we are pursuing this line of investigation.

We believe that our results may be generalizedto other provers and frameworks.

The non-standard properties of the logical framework that we rely upon are the

following.

1. Programsmay be expressedwithout ¯rst giving them a type; in addition, pro-

gramsmay have more than one type.

2. Computation de¯nesa congruence;any two programsthat are computationally
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(beta) equivalent can be interchangedin any formal context.

3. For reasoningabout sequents, a weak induction principle is neededon sequent

context variables.

4. A function image type [46].
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App endix A

Arc hitecture and Summary of the
Implemen tation in MetaPRL

As mentioned earlier, this work is fully implemented in the MetaPRLtheoremprover.

Here we show the architecture of the formal implementation of our re°ection frame-

work in MetaPRL(Figure A.1). In the parenthesesnext to each module name, we

give orderly the number of rules and rewrites in that module, the total number of

proof tactics we usedto prove them, aswell as the total number of actual proof steps

in the system.

Corresponding to the presentation in this thesis, we divide the architecture into

three parts: syntax representation, sequent representation, and proof re°ection, each

of which consistsof a number of theories/modulesthat de¯ne the corresponding terms

and operations,and include axiomsand/or fully derived theorems.

The ¯v e modulessurroundedby the broken line is the \core" of our theory, which

de¯nesa hybrid HOAS/de Bruijn representation of syntax asmentioned in Chapter 4,

and provides a foundation for our whole re°ection work.

To help with better understanding of our work, we include a selectedlisting of

the modules we implemented in Appendix B, as indicated by the blue shadesin

Figure A.1. For a completetheory listing, pleaserefer to the nightly updated online

resource[42].

http://metaprl.org/
http://metaprl.org/
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Syntax representation

Sequent representation

Proof ref lection

itt_hoas_base (6,6,64)

itt_hoas_vector (29,55,4185)itt_hoas_vbind (8,13,139)

itt_hoas_debruijn (39,105,15283)

itt_hoas_destterm (10,8,283) itt_hoas_lof (47,159,15892)

itt_hoas_bterm (97,283,14390)

itt_hoas_normalize (16,16,8695)itt_hoas_relax (54,343,33312) itt_hoas_util (2,10,270)

itt_hoas_operator (29,25,447)

itt_hoas_bterm_wf (20,148,33917)

itt_hoas_sequent_bterm (70,408,14639)

itt_hoas_lof_vec (14,30,427)

itt_hoas_sequent (63,198,5916)

itt_hoas_proof (56,253,10304)

itt_hoas_sequent_proof_step (6,24,993)

itt_hoas_sequent_term (52,118,1945)

itt_hoas_sequent_normalize (20,44,1127)

itt_hoas_sequent_term_wf (30,184,10070) itt_hoas_meta_types (0,0,0)

itt_hoas_sequent_proof (15,49,1961)

itt_hoas_proof_ind (7,41,1708)

itt_hoas_sequent_elim (1,1,15)

Figure A.1: Architecture of the re°ection formalization in MetaPRL

http://metaprl.org/
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App endix B

Partial Listing of Relev ant
MetaPRL Theories

This appendix is a printout of someof the relevant MetaPRLtheoriesand wasgener-

atedautomatically by the MetaPRLsystem. The completeimplementation is available

online [43, 42]. The MetaPRLnotation used in this appendix is partially explained

in [45, 42, 43]. Rules and rewrites marked with a \ *[ n1; n2] " are derived (n1 and

n2 provide a measureof the proof size) and the \ ! [¢¢¢]" marker means that the

rule/rewrite is an axiom. Most of the operators are presented in their pretty-printed

forms.

http://metaprl.org/
http://metaprl.org/
http://metaprl.org/
http://metaprl.org/
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B.1 Itt hoas base mo dule

The Itt hoas basemodule de¯nesthe basicoperationsof the Higher Order Abstract

Syntax (HOAS).

B.1.1 Parents

Extends Base theory

Extends Itt dfun

Extends Itt union

Extends Itt prod

Extends Itt list2

B.1.2 Terms

The expressionB x: t [x] represents a \b ound" term (\bterm") with a potentially free

variable x. In order for it to be well-formed, t must be a \substitution function".

The T(op; subterms) expressionrepresents a term with the operator op and sub-

terms subterms. In order for it to be well-formed, the length of subterms must equal

the arity of op and each subterm must have the \binding depth" (i.e. the number

of outer binds) equal to the corresponding number in the shape of op (remember,

the shape of an operator is a list of natural numbersand the length of the list is the

operator's arity).

The expressionbt@t represents the result of substituting t for the ¯rst binding in

bt.

Finally, the weakdest bterm operator allows testing whether a term is a bind or

a mkterm and to get the op and subterms in the latter case.

de¯ne unfold bind :

Itt hoas base!bind f x. 't< j!! j>['x] g

(displa yed as \ B x: t [x]" ) Ã !
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inl (¸ x:t [x])

de¯ne iform bind list :

Itt hoas base!bind list f 'terms< j!! j>g

(displa yed as \ bind l ist f termsg" ) Ã !

B terms

de¯ne unfold mkterm :

Itt hoas base!mk termf 'op< j!! j>; 'subterms< j!! j>g

(displa yed as \ T(op; subterms)" ) Ã !

inr (op; subterms)

declare Itt hoas base!illegal subst

(displa yed as \ il legal subst" )

de¯ne unfold subst :

Itt hoas base!subst f 'bt< j!! j>; 't< j!! j>g

(displa yed as \ bt@t " ) Ã !

matc h bt with

inl f ¡ > f t

j inr opt ¡ > il legal subst

de¯ne iform subst list :

Itt hoas base!subst list f 'terms< j!! j>; 'v< j!! j>g

(displa yed as \ subst l ist f terms; vg" ) Ã !

terms@v

de¯ne unfold wdt :

Itt hoas base!weak dest bterm

f 'bt< j!! j>;

'bind case<j!! j>;

op, sbt. 'mkterm case<j!! j>['op; 'sbt] g

(displa yed as

\ matc h bt with

B ¡ > bind case

j T(op; sbt) ¡ > mkterm case[op; sbt]" ) Ã !
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matc h bt with

inl f ¡ > bind case

j inr opt ¡ > let

(op; sbt) = opt

in

mkterm case[op; sbt]

B.1.3 Rewrites

* [1; 12] rewrite reduce subst fj public reduce jg :

(B x: bt[x])@t Ã ! bt[t ]

* [1; 10] rewrite reduce wdt bind fj public reduce jg :

matc h B x: t [x] with

B ¡ > bind case

j T(op; sbt) ¡ > mkterm case[op; sbt]

Ã !

bind case

* [1; 12] rewrite reduce wdt mkterm fj public reduce jg :

matc h T(op; subterms) with

B ¡ > bind case

j T(o; sbt) ¡ > mkterm case[o; sbt]

Ã !

mkterm case[op; subterms]

On occasion,it is alsousefulto work with subtermlists directly, without the operator.

De¯ne another constructor mk termsf lg that represents a list of terms l .

de¯ne unfold mkterms :

Itt hoas base!mk termsf 'l< j!! j>g

(displa yed as \ mk termsf lg" ) Ã !
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inr l

de¯ne unfold weakdest terms :

Itt hoas base!weak dest terms

f 'bt< j!! j>;

'bind case<j!! j>;

l. 'terms case<j!! j>['l] g

(displa yed as

\ weak dest termsf bt; bind case; l : terms case[l ]g" ) Ã !

matc h bt with

inl x ¡ > bind case

j inr y ¡ > terms case[y]

* [1; 10] rewrite reduce weakdest terms bind

fj public reduce jg :

weak dest terms

f B x: t [x];

bind case;

terms: terms case[terms]g

Ã !

bind case

* [1; 10] rewrite reduce weakdest terms mkterm

fj public reduce jg :

weak dest terms

f T(op; subterms);

bind case;

terms: terms case[terms]g

Ã !

terms case[(op; subterms)]

* [1; 10] rewrite reduce weakdest terms mkterms

fj public reduce jg :

weak dest terms
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f mk termsf lg;

bind case;

terms: terms case[terms]g

Ã !

terms case[l ]

B.2 Itt hoas vector mo dule

The Itt hoas vector module de¯nes the \v ector bindings" extensionsfor the basic

ITT HOAS.

B.2.1 Parents

Extends Itt hoas base

Extends Itt nat

Extends Itt list2

Extends Itt fun2

Extends Itt list3

B.2.2 Terms

The B x : n : t [x] expression,wheren is a natural number, represents a \telescope" of n

nestedbind operations. Namely, it standsfor B v1: B v2: : : : (B v n: t [[v1; v2; : : : ; v n]]).

We also provide an input form bindf n; t g for the important caseof a vector

binding that introducesa variable that doesnot occur freely in the bterm body.

The bt @n t expressionrepresents the result of substituting term t for the n + 1-st

binding of the bterm bt.

The bt@l tl expressionrepresents the result of simultaneoussubstitution of terms

tl (tl must be a list) for the ¯rst j tl j bindings of the bterm bt.
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de¯ne unfold bindn :

Itt hoas vector!bind f 'n< j!! j>; x. 't< j!! j>['x] g

(displa yed as \ B x : n : t [x]" ) Ã !

(Ind (n) where Ind (n) =

n = 0 ) Ind (n) = ¸ f :f []

n > 0 ) Ind (n) = ¸ f :B v: Ind (n ¡ 1) (¸ l :f v :: l )) (¸ x:t [x])

de¯ne unfold substn :

Itt hoas vector!subst f 'n< j!! j>; 'bt< j!! j>; 't< j!! j>g

(displa yed as \ bt @n t " ) Ã !

(Ind (n) where Ind (n) =

n = 0 ) Ind (n) = ¸ bt:bt@t

n > 0 ) Ind (n) = ¸ bt:B v: Ind (n ¡ 1) (bt@v)) bt

de¯ne unfold substl :

Itt hoas vector!substl f 'bt< j!! j>; 'tl< j!! j>g

(displa yed as \ bt@l tl " ) Ã !

match tl with [] ¡ > (¸ b:b) j h :: :f ¡ > (¸ b:f (b@h)) bt

de¯ne iform simple bindn :

Itt hoas vector!bind f 'n< j!! j>; 't< j!! j>g

(displa yed as \ bindf n; t g" ) Ã !

B : n : t

de¯ne iform bindn list :

Itt hoas vector!bind list f 'n< j!! j>; 'terms< j!! j>g

(displa yed as \ bind l ist f n; termsg" ) Ã !

map(bt:bindf n; btg; terms)

de¯ne iform substl list :

Itt hoas vector!substl list f 'terms< j!! j>; 'v< j!! j>g

(displa yed as \ substl l ist f terms; vg" ) Ã !

terms@lv
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B.2.3 Rewrites

* [1; 20] rewrite reduce bindn base fj public reduce jg :

B x : 0: t [x] Ã ! t [[]]

* [1; 16] rewrite reduce bindn up

fj public reduceOcaml!lab

[3742:n,

3768:n,

"labels":s]

f somef denormalizelabelsgg jg :

n 2 N ¡ !

B l : n + 1: t [l ] Ã ! B v: B l : n : t [v :: l ]

* [2; 56] rewrite reduce bindn upleft :

n 2 N ¡ !

B l : 1 + n : t [l ] Ã ! B v: B l : n : t [v :: l ]

* [1; 36] rewrite bind into bindone :

B v: t [v] Ã ! B l : 1: t [hdf l g]

* [1; 23] rewrite bindone into bind :

B l : 1: t [l ] Ã ! B v: t [[v]]

* [7; 437] rewrite split bind sum:

m 2 N ¡ !

n 2 N ¡ !

B l : m + n : t [l ] Ã ! B l1 : m : B l2 : n : t [l1 @l2]

* [2; 26] rewrite reduce bindn right :

n 2 N ¡ !

B l : n + 1: t [l ] Ã ! B l : n : B v: t [l @[v]]

* [1; 10] rewrite mergebindn fj public reduce jg :

m 2 N ¡ !

n 2 N ¡ !

B : m : B : n : t Ã ! B : m + n : t
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* [1; 18] rewrite reduce substn base fj public reduce jg :

bt @0 t Ã ! bt@t

* [1; 14] rewrite reduce substn case fj public reduce jg :

n 2 N ¡ !

bt @n + 1 t Ã ! B x: bt@x @n t

* [1; 10] rewrite reduce bindn subst fj public reduce jg :

n 2 N ¡ !

B v : n + 1: bt[v]@t Ã ! B v : n : bt[t :: v]

* [8; 1766]rewrite reduce substn bindn1 bind (x:bt[x]):

m 2 N ¡ !

n 2 N ¡ !

n ¸ m ¡ !

(B v: B l : n : bt[v :: l ]) @m t Ã !

B l : n : bt[insert at (l ; m; t )]

* [1; 18] rewrite reduce substn bindn2 fj public reduce jg :

m 2 N ¡ !

n 2 N ¡ !

n ¸ m ¡ !

B l : n + 1: bt[l ] @m t Ã ! B l : n : bt[insert at (l ; m; t )]

* [1; 10] rewrite reduce substl base fj public reduce jg :

bt@l [] Ã ! bt

* [1; 12] rewrite reduce substl step

fj public reduceOcaml!lab

[6051:n,

6077:n,

"labels":s]

f somef denormalizelabelsgg jg :

bt@lh :: t Ã ! bt@h@l t

* [1; 14] rewrite reduce substl step1 fj public reduce jg :

(B v: bt[v])@lh :: t Ã ! bt[h]@l t
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* [1; 65] rewrite reduce substl step2 fj public reduce jg :

n 2 N ¡ !

B v : n + 1: bt[v]@lh :: t Ã ! B v : n : bt[h :: v]@l t

* [3; 82] rewrite reduce substl bindn1 fj public reduce jg :

l 2 List ¡ !

B v : j l j : bt[v]@l l Ã ! bt[l ]

* [3; 1092]rewrite reduce substl bindn2 :

l 2 List ¡ !

n 2 N ¡ !

n ¸j l j ¡ !

B v : n : bt[v]@l l Ã ! B v : n ¡ jl j : bt[l @v]

* [2; 100] rewrite reduce bsb1 fj public reduce jg :

n 2 N ¡ !

B v : n : B w : n : bt[w]@lv Ã ! B w : n : bt[w]

* [1; 20] rewrite reduce bsb2 fj public reduce jg :

n 2 N ¡ !

m 2 N ¡ !

B v : n : B w : n + m : bt[w]@lv Ã ! B w : n + m : bt[w]

* [1; 16] rewrite unfold bindnsub :

n 2 N ¡ !

B v : n + 1: bt[v]@lv Ã ! B u: B v : n : bt[u :: v]@u@lv

* [1; 8] rewrite subst to substl : e@x Ã ! e@l [x]

* [2; 105] rewrite bindn to list of fun :

n 2 N ¡ !

B x : n : e[x] Ã ! B x : n : e[l ist of f unf i: x i ; ng]

* [1; 26] rewrite coalesce bindn bindn :

n 2 N ¡ !

m 2 N ¡ !

B x : n : B y : m : e[x; y] Ã !

B x : n + m : e[nth pref ix f x; ng; nth suf f ix f x; ng]
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* [2; 71] rewrite substl appendright :

l 2 List ¡ !

e@l (l @[x]) Ã ! e@l l@x

* [1; 6] rewrite substl appendleft :

l 2 List ¡ !

e@x@l l Ã ! e@lx :: l

* [5; 92] rewrite substl substl list :

l1 2 List ¡ !

l2 2 List ¡ !

e@l l1@l l2 Ã ! e@l (l1 @l2)

* [1; 16] rewrite substl substl lof :

n 2 N ¡ !

m 2 N ¡ !

e@l l ist of f unf x: f [x]; mg@l l ist of f unf x: g[x]; ng Ã !

e@l (l ist of f unf x: f [x]; mg @list of f unf x: g[x]; ng)

B.3 Itt hoas debruijn mo dule

The Itt hoas debruijn modulede¯nesa mappingfrom deBruijn-lik erepresentation

of syntax into the HOAS.

B.3.1 Parents

Extends Itt hoas base

Extends Itt hoas vector

Extends Itt nat

Extends Itt list2

Extends Itt image2
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B.3.2 Terms

B.3.2.1 A de Bruijn-lik e represen tation of syntax

Our deBruijn-lik erepresentation of (bound) termsconsistsof two operators. var (left; right )

represents a variablebterm, whose\left index" is left and whose\righ t index" is right .

Namely, it represent the term B x1: : : : (B x left: B y: B z1: : : : (B z right : v) : : :) : : :.

The mkbterm(n; op; btl) represents the compound term of depth n. In other

words,mkbterm(n; op; [B v : n : bt1[v]; : : : ; B v : n : bt k[v]]) is B v : n : T(op; [bt1[v]; : : : ; bt k[v]]).

de¯ne unfold var :

Itt hoas debruijn!var f 'left< j!! j>; 'right< j!! j>g

(displa yed as \ var (left; right )" ) Ã !

B x : left : B v: B x : right : v

de¯ne unfold mkbterm :

Itt hoas debruijn!mk bterm

f 'n< j!! j>;

'op< j!! j>;

'btl< j!! j>g

(displa yed as \ mkbterm(n; op; btl)" ) Ã !

(Ind (n) where Ind (n) =

n = 0 ) Ind (n) = ¸ btl:T(op; btl)

n > 0 ) Ind (n) = ¸ btl:B v: Ind (n ¡ 1) ((btl@v))) btl

B.3.2.2 Basic operations on syntax

Dbt is the \binding depth" (i.e. the number of outer bindings) of a bterm bt.

l v and r v provide a way of computing the l and r indicesof a variable var (l ; r ).

try get op bt with Not found -> op returns the bt's operator, if bt is a mkbterm

and returns op if bt is a variable.

subterms bt computesthe subtermsof the bterm bt.
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de¯ne unfold bdepth :

Itt hoas debruijn!bdepth f 'bt< j!! j>g

(displa yed as \ Dbt" ) Ã !

f ix (f :¸ bt:weak dest terms

f bt;

1 + (f (bt@T(¢; [])));

y: 0g) bt

de¯ne unfold left :

Itt hoas debruijn!left f 'bt< j!! j>g

(displa yed as \ l bt" ) Ã !

f ix (f :¸ bt:¸ l :matc h bt with

B ¡ > f (bt@T(l ; [])) (l + 1)

j T(op; ) ¡ > op) bt 0

de¯ne unfold right :

Itt hoas debruijn!right f 'bt< j!! j>g

(displa yed as \ r bt" ) Ã !

(Dbt) ¡ (l bt) ¡ 1

de¯ne unfold get op :

Itt hoas debruijn!get opf 'bt< j!! j>; 'op< j!! j>g

(displa yed as

\ try get op bt with Not found -> op" ) Ã !

f ix (f :¸ bt:matc h bt with

B ¡ > f (bt@T(op; []))

j T(op; ) ¡ > op) bt

declare Itt hoas debruijn!not found

(displa yed as \ not f ound" )

de¯ne iform unfold get op1 :

Itt hoas debruijn!get opf 'bt< j!! j>g

(displa yed as \ get opf btg" ) Ã !

try get op bt with Not found -> not f ound
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de¯ne unfold numsubterms :

Itt hoas debruijn!num subtermsf 'bt< j!! j>g

(displa yed as \ num subtermsf btg" ) Ã !

f ix (f :¸ bt:matc h bt with

B ¡ > f (bt@T(¢; []))

j T(; btl) ¡ > j btl j) bt

de¯ne unfold nth subterm :

Itt hoas debruijn!nth subtermf 'bt< j!! j>; 'n< j!! j>g

(displa yed as \ nth subtermf bt; ng" ) Ã !

f ix (f :¸ bt:matc h bt with

B ¡ > B v: f (bt@v)

j T(; btl) ¡ > btl n) bt

de¯ne unfold subterms :

Itt hoas debruijn!subterms f 'bt< j!! j>g

(displa yed as \ subterms bt" ) Ã !

l ist of f un

f n: nth subtermf bt; ng;

num subtermsf btgg

B.3.3 Rewrites

* [1; 18] rewrite reduce mkbterm base

fj public reduceOcaml!lab

[4431:n,

4457:n,

"labels":s]

f somef denormalizelabelsgg jg :

mkbterm(0; op; btl) Ã ! T(op; btl)

* [1; 14] rewrite reduce mkbterm step
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fj public reduceOcaml!lab

[4561:n,

4587:n,

"labels":s]

f somef denormalizelabelsgg jg :

n 2 N ¡ !

mkbterm(n + 1; op; btl) Ã ! B v: mkbterm(n; op; btl@v)

* [1; 50] rewrite reduce mkbterm empty

fj public reduceOcaml!lab

[4744:n,

4770:n,

"labels":s]

f somef denormalizelabelsgg jg :

n 2 N ¡ !

mkbterm(n; op; []) Ã ! B x : n : T(op; [])

* [1; 6] rewrite fold mkterm :

T(op; subterms) Ã ! mkbterm(0; op; subterms)

* [1; 12] rewrite reduce bdepth mkterm fj public reduce jg :

DT(op; btl) Ã ! 0

* [1; 12] rewrite reduce bdepth mkterms

fj public reduce jg :

Dmk termsf eg Ã ! 0

* [1; 16] rewrite reduce bdepth bind fj public reduce jg :

D(B v: t [v]) Ã ! 1 + (Dt [T(¢; [])])

* [5; 1437]rewrite reduce bdepth var fj public reduce jg :

l 2 N ¡ !

r 2 N ¡ !

Dvar (l ; r ) Ã ! (l + r ) + 1

* [4; 79] rewrite reduce bdepth mkbterm

fj public reduce jg :
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n 2 N ¡ !

Dmkbterm(n; op; btl) Ã ! n

* [4; 128] rewrite reduce getop var fj public reduce jg :

l 2 N ¡ !

r 2 N ¡ !

try get op var (l ; r ) with Not found -> op Ã ! op

* [2; 91] rewrite reduce getop mkbtermfj public reduce jg :

n 2 N ¡ !

try get op mkbterm(n; op; btl) with Not found -> op0 Ã !

op

* [2; 107] rewrite numsubterms id fj public reduce jg :

btl 2 List ¡ !

n 2 N ¡ !

num subtermsf mkbterm(n; op; btl)g Ã ! j btl j

* [2; 136] rewrite nth subterm id fj public reduce jg :

n 2 N ¡ !

m 2 N ¡ !

k 2 N ¡ !

k < m ¡ !

nth subterm

f mkbterm(n; op; l ist of f unf x: f [x]; mg);

kg Ã !

B v : n : f [k]@lv

* [2; 467] rewrite subterms id fj public reduce jg :

btl 2 List ¡ !

n 2 N ¡ !

subterms mkbterm(n; op; btl) Ã ! map(bt:B v : n : bt@lv; btl)

* [6; 502] rewrite left id fj public reduce jg :

l 2 N ¡ !

r 2 N ¡ !
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l var (l ; r ) Ã ! l

* [2; 551] rewrite right id fj public reduce jg :

l 2 N ¡ !

r 2 N ¡ !

r var (l ; r ) Ã ! r

* [1; 10] rewrite subst var0 fj public reduce jg :

r 2 N ¡ !

var (0; r )@t Ã ! B x : r : t

* [1; 14] rewrite subst var fj public reduce jg :

l 2 N ¡ !

r 2 N ¡ !

var (l + 1; r )@t Ã ! var (l ; r )

* [1; 16] rewrite subst mkbtermfj public reduce jg :

bdepth 2 N ¡ !

mkbterm(bdepth + 1; op; btl)@t Ã !

mkbterm(bdepth; op; btl@t )

* [1; 12] rewrite bind var fj public reduce jg :

l 2 N ¡ !

r 2 N ¡ !

B x: var (l ; r ) Ã ! var (l + 1; r )

* [1; 43] rewrite lemmafj public reduce jg :

btl 2 List ¡ !

(B btl)@v Ã ! btl

* [1; 14] rewrite bind mkbtermfj public reduce jg :

bdepth 2 N ¡ !

btl 2 List ¡ !

B x: mkbterm(bdepth; op; btl) Ã !

mkbterm(bdepth + 1; op; B btl)

* [1; 1297]rewrite lemma1fj public reduce jg :

r 2 N ¡ !
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n 2 N ¡ !

r ¸ n ¡ !

B gamma: n : B x : r : t @lgammaÃ ! B x : r : t

* [4; 1507]rewrite lemma2fj public reduce jg :

l 2 N ¡ !

r 2 N ¡ !

n 2 N ¡ !

(( l + r ) + 1) ¸ n ¡ !

B gamma: n : var (l ; r )@lgammaÃ ! var (l ; r )

* [4; 1279]rewrite lemma3fj public reduce jg :

m 2 N ¡ !

n 2 N ¡ !

m ¸ n ¡ !

B gamma: n : mkbterm(m; op; btl)@lgammaÃ !

mkbterm(m; op; btl)

De¯ne a type of variables Var that is more abstract than the raw de Bruijn repre-

sentation.

de¯ne unfold Var :

Itt hoas debruijn!Var (displa yed as \ Var" ) Ã !

I mg(v : N £ N:let (i ; j ) = v in var (i ; j ))

let fold Var = makeFoldC << Var >> unfold Var

* [1; 16] rule var type univ fj public intro [] jg :

h¡ i ` Var 2 U0i

* [1; 6] rule var type wf fj public intro [] jg :

h¡ i ` Var Type

* [1; 27] rule var wf fj public intro [] jg :

[ wf ] h¡ i ` l 2 N ¡ !

[ wf ] h¡ i ` r 2 N ¡ !
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h¡ i ` var (l ; r ) 2 Var

* [3; 42] rule var elim fj public elim [] jg ¡ :

h¡ i ; i : N; j : N; h¢[ var (i ; j )]i ` C [var (i ; j )] ¡ !

h¡ i ; x : Var; h¢[ x]i ` C [x]

* [1; 34] rule var sqsimple

fj public intro []; public sqsimple jg :

h¡ i ` sqsimplef Varg

Booleanoperations on variables.

de¯ne unfold beq var :

Itt hoas debruijn!beq var f 'x< j!! j>; 'y< j!! j>g

(displa yed as \ beqvarf x; yg" ) Ã !

(( l x) = b (l y)) ^ b ((r x) = b (r y))

* [1; 30] rewrite reduce beq var :

l1 2 N ¡ !

r1 2 N ¡ !

l2 2 N ¡ !

r2 2 N ¡ !

beqvarf var (l1; r1); var (l2; r2)g Ã !

(l1 = b l2) ^ b (r1 = b r2)

* [3; 104] rule beq var wf fj public intro [] jg :

[ wf ] h¡ i ` x 2 Var ¡ !

[ wf ] h¡ i ` y 2 Var ¡ !

h¡ i ` beqvarf x; yg 2 B

* [5; 101] rule beq var assert intro fj public intro [] jg :

h¡ i ` x = y 2 Var ¡ !

h¡ i ` " beqvarf x; yg

* [10; 193] rule beq var assert elim fj public elim [] jg ¡ :

[ wf ] h¡ i ; u : " beqvarf x; yg; h¢[ u]i ` xhj¡ ji [] 2 Var ¡ !
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[ wf ] h¡ i ; u : " beqvarf x; yg; h¢[ u]i ` yhj¡ ji [] 2 Var ¡ !

h¡ i ; u : x = y 2 Var; h¢[ u]i ` C [u] ¡ !

h¡ i ; u : " beqvarf x; yg; h¢[ u]i ` C [u]

This is the main theoremthat showsthat B x: e[x] commuteswith mkbterm(n; op; subterms).

* [1; 17] rewrite reduce bind of mkbterm of list of fun :

n 2 N ¡ !

m 2 N ¡ !

B x: mkbterm(n; op; l ist of f unf y: f [x; y]; mg) Ã !

mkbterm(n + 1; op; l ist of f unf y: B x: f [x; y]; mg)

* [6; 149] rewrite reduce vec bind of mkbterm of list of fun :

i 2 N ¡ !

n 2 N ¡ !

m 2 N ¡ !

B x : i : mkbterm(n; op; l ist of f unf y: f [x; y]; mg) Ã !

mkbterm(n + i ; op; l ist of f unf y: B x : i : f [x; y]; mg)

Someequivalenceson binds.

* [3; 3852]rewrite reduce bindn nth fj public reduce jg :

n 2 N ¡ !

m 2 N ¡ !

m < n ¡ !

B x : n : x m Ã ! var (m; n ¡ m ¡ 1)

* [16; 2909]rewrite reduce bindn nth2 fj public reduce jg :

n1 2 N ¡ !

n2 2 N ¡ !

m 2 N ¡ !

m < n1 ¡ !
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B x1 : n1 : B x2 : n2 : x1 m Ã ! var (m; n1 + n2 ¡ m ¡ 1)

* [2; 12] rewrite reduce bind var fj public reduce jg :

n 2 N ¡ !

l 2 N ¡ !

B x : n : var (l ; r ) Ã ! var (n + l ; r )

B.4 Itt hoas operator mo dule

The Itt hoas operator module de¯nes a type Operator of abstract operators; it

alsoestablishesthe connectionbetweenabstract operator typeand the internal notion

of syntax that is exposedby the computational bterms theory (Base operator ).

B.4.1 Parents

Extends Itt theory

Extends Base operator

Extends Itt nat

Extends Itt list2

B.4.2 Terms

The Operator type is an abstract type with a decidableequality. We only require

that an operator have a ¯xed shape.

As in the caseof concretequoted operators, the shape of an abstract operator

is a list of numbers, each stating the number of bindings the operator adds to the

corresponding subterm; the length of this list is the arity of an operator.

declare const Itt hoas operator!Operator

(displa yed as \ Operator" )

declare Itt hoas operator!shape f 'op< j!! j>g
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(displa yed as \ shape(op)" )

declare Itt hoas operator!is sameop

f 'op 1<j!! j>;

'op 2<j!! j>g

(displa yed as \ is same op(op1; op2)" )

B.4.3 Rules

Operator is an abstract type.

! [h¡ i ` ¢] rule op univ fj public intro [] jg :

h¡ i ` Operator 2 U0l

* [1; 7] rule op type fj public intro [] jg :

h¡ i ` Operator Type

Equal operators must be identical.

! [h¡ i ` ¢] rule op sqeq fj public nth hyp jg :

h¡ i ` op1 = op2 2 Operator ¡ !

h¡ i ` op1 ´ op2

* [1; 10] rule op sqsimple

fj public intro []; public sqsimple jg :

h¡ i ` sqsimplef Operatorg

is sameop decidesthe equality of Operator.

! [h¡ i ` ¢] rule is sameop wf fj public intro [] jg :

h¡ i ` op1 2 Operator ¡ !

h¡ i ` op2 2 Operator ¡ !

h¡ i ` is same op(op1; op2) 2 B
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! [h¡ i ` ¢] rule is sameop eq

fj public intro [AutoMustComplete]; public nth hyp jg :

h¡ i ` op1 = op2 2 Operator ¡ !

h¡ i ` " is same op(op1; op2)

! [h¡ i ` ¢] rule is sameop rev eq :

[ wf ] h¡ i ` op1 2 Operator ¡ !

[ wf ] h¡ i ` op2 2 Operator ¡ !

h¡ i ` " is same op(op1; op2) ¡ !

h¡ i ` op1 = op2 2 Operator

* [5; 127] rule op decidable fj public intro [] jg :

h¡ i ` op1 2 Operator ¡ !

h¡ i ` op2 2 Operator ¡ !

h¡ i ` Decidable(op1 = op2 2 Operator)

* [1; 14] rule is sameop elim

fj public elim [ThinOption thinT] jg ¡ :

[ wf ] h¡ i ; x : " is same op(op1; op2); h¢[ x]i ` op1hj¡ ji [] 2 Operator ¡ !

[ wf ] h¡ i ; x : " is same op(op1; op2); h¢[ x]i ` op2hj¡ ji [] 2 Operator ¡ !

[ main ]

1: h¡ i

2: x : " is same op(op1; op2)

3: op1 = op2 2 Operator

4: h¢[ x]i

` C [x] ¡ !

h¡ i ; x : " is same op(op1; op2); h¢[ x]i ` C [x]

Each operator has a shape | a list of natural numbers that are meant to represent

the number of bindings in each of the arguments. The length of of the list is the

operator's arity.

de¯ne iform unfold arity :



109

Itt hoas operator!arity f 'op< j!! j>g

(displa yed as \ arity f opg" ) Ã !

arity (op)

! [h¡ i ` ¢] rule shape nat list fj public intro [] jg :

h¡ i ` op 2 Operator ¡ !

h¡ i ` shape(op) 2 N List

* [1; 24] rule shape list fj public intro [] jg :

h¡ i ` op 2 Operator ¡ !

h¡ i ` shape(op) 2 List

* [1; 33] rule shape nat list eq fj public intro [] jg :

h¡ i ` op1 = op2 2 Operator ¡ !

h¡ i ` shape(op1) = shape(op2) 2 N List

* [2; 44] rule shape int list fj public intro [] jg :

h¡ i ` op1 = op2 2 Operator ¡ !

h¡ i ` shape(op1) = shape(op2) 2 int List

* [1; 36] rule arity nat fj public intro [] jg :

h¡ i ` op1 = op2 2 Operator ¡ !

h¡ i ` ar ity (op1) = arity (op2) 2 N

* [1; 36] rule arity int fj public intro [] jg :

h¡ i ` op1 = op2 2 Operator ¡ !

h¡ i ` ar ity (op1) = arity (op2) 2 int

* [3; 46] rule shape int list sq fj public intro [] jg :

h¡ i ` op1 = op2 2 Operator ¡ !

h¡ i ` shape(op1) ´ shape(op2)

B.4.4 Concrete Op erators

This sectionestablishesthe connectionbetweenthe abstract notion of operator and

the internal notion of operator that is exposedby the computational bterms theory
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(Base operator ).

Essentially , it postulatesthat the abstract operator is compatible with the notion

of operators that we have de¯ned computationally, that the computationally-de¯ned

operationson operatorsact asexpected,and that the syntactic operationswe de¯ned

(such as shape) correspond exactly to the built-in operations of the meta-theory. In

a way, this theory establishesthe operator expressionsas denotations for constants

of the Operator type | this is similar to how numeralsdenoteconstants of type int .

First, we de¯ne a concrete representation for operators. We will represent an

operator by a bterm of the form operator[op : op]

declare Itt hoas operator!operator[op:op]

(displa yed as \ operator[op : op]" )

! [h¡ i ` ¢] rule op constant fj public intro [] jg :

h¡ i ` operator[op : op] 2 Operator

* [1; 7] rule shape const nat list fj public intro [] jg :

h¡ i ` shape(operator[op : op]) 2 N List

! [] rewrite bterm shape :

shape(operator[op : op]) Ã ! l ist of numl ist f shape(op)g

! [] rewrite bterm sameop :

is same op(operator[op1 : op]; operator[op2 : op])

Ã !

meta eq[op1 : op; op2 : op]f tr ue; f alseg

B.5 Itt hoas destterm mo dule

The Itt hoas destterm module de¯nesdestructorsfor extracting from a bterm the

components corresponding to the de Bruijn-lik e representation of that bterm.
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B.5.1 Parents

Extends Itt hoas base

Extends Itt hoas vector

Extends Itt hoas operator

Extends Itt hoas debruijn

Extends Itt hoas df

B.5.2 Terms

The is var operator decideswhether a bterm is a var or a mkbterm. In order

to implement the is var operator we assumethat there exist at least two distinct

operators (for any concrete notion of operators this would, of course, be trivially

derivable but we would like to keepthe operators type abstract at this point).

The dest bterm operator is a genericdestructor that can extract all the compo-

nents of the de Bruijn-lik e representation of a bterm.

declare Itt hoas destterm!op1 (displa yed as \ op1")

declare Itt hoas destterm!op2 (displa yed as \ op2")

de¯ne unfold isvar :

Itt hoas destterm!is var f 'bt< j!! j>g

(displa yed as \ is var (bt)" ) Ã !

: bis same op(try get op bt with Not found -> op1; try

get op bt

with Not found ->

op2)

de¯ne unfold dest bterm :

Itt hoas destterm!dest bterm

f 'bt< j!! j>;

l, r. 'var case<j!! j>['l; 'r];

bdepth, op, subterms. 'op case<j!! j>['bdepth;
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'op; 'subterms] g

(displa yed as

\ matc h bt with

var (l ; r ) ¡ > var case[l ; r ]

j BTerm(bdepth; op; subterms) ¡ > op case[bdepth;

op;

subterms]" ) Ã !

if is var (bt) then var case[l bt; r bt] else op case[D

bt;

try get op bt with Not found -> ¢;

subterms bt]

B.5.3 Rules

! [h¡ i ` ¢] rule op1 op fj public intro [] jg :

h¡ i ` op1 2 Operator

! [h¡ i ` ¢] rule op2 op fj public intro [] jg :

h¡ i ` op2 2 Operator

B.5.4 Rewrites

! [] rewrite ops distict fj public reduce jg :

is same op(op1; op2) Ã ! f alse

* [1; 13] rewrite sameop id fj public reduce jg :

op 2 Operator ¡ !

is same op(op; op) Ã ! tr ue

* [1; 22] rewrite is var var fj public reduce jg :

m 2 N ¡ !

n 2 N ¡ !
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is var (var (m; n)) Ã ! tr ue

* [1; 20] rewrite is var mkbterm fj public reduce jg :

op 2 Operator ¡ !

n 2 N ¡ !

is var (BTerm(n; op; btl)) Ã ! f alse

* [1; 38] rewrite dest bterm var fj public reduce jg :

l 2 N ¡ !

r 2 N ¡ !

matc h var (l ; r ) with

var (l ; r ) ¡ > var case[l ; r ]

j BTerm(d; o; s) ¡ > op case[d; o; s] Ã !

var case[l ; r ]

* [1; 28] rewrite dest bterm mkbterm fj public reduce jg :

n 2 N ¡ !

op 2 Operator ¡ !

subterms 2 List ¡ !

matc h BTerm(n; op; subterms) with

var (l ; r ) ¡ > var case[l ; r ]

j BTerm(bdepth; op; subterms) ¡ > op case[bdepth;

op;

subterms] Ã !

op case[n; op; map(bt:B v : n : bt@lv; subterms)]

* [2; 125] rewrite mkbterm eta lof fj public reduce jg :

l 2 N ¡ !

n 2 N ¡ !

BTerm(n; op; l ist of f unf i: B v : n : f [i ]@lv; l g) Ã !

BTerm(n; op; l ist of f unf i: f [i ]; l g)

* [1; 37] rewrite mkbterm eta fj public reduce jg :

n 2 N ¡ !

subterms 2 List ¡ !
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BTerm(n; op; map(bt:B v : n : bt@lv; subterms)) Ã !

BTerm(n; op; subterms)

B.6 Itt hoas bterm mo dule

The Itt hoas bterm module de¯nes the inductive type BT erm and establishesthe

appropriate induction rules for this type.

B.6.1 Parents

Extends Itt hoas destterm

Extends Itt image2

Extends Itt tunion

Extends Itt subset

B.6.2 Terms

Wede¯ne the typeBT erm asa recursivetype. The compatible shapes(depth; shape; subterms)

predicate de¯nes when a list of subtermssubtermsis compatible with a speci¯c op-

erator.

de¯ne unfold compatible shapes :

Itt hoas bterm!compatible shapes

f 'depth< j!! j>;

'shape<j!! j>;

'btl< j!! j>g

(displa yed as

\ compatible shapes(depth; shape; btl)" ) Ã !
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8x; y 2 shape; btl: ((depth + x) = Dy 2 int )

de¯ne unfold dom:

Itt hoas bterm!domf 'BT<j!! j>g

(displa yed as \ domf BT g" ) Ã !

(N £ N) + (depth : N £ op : Operator £ f subterms: BT List j

compatible shapes(depth; shape(op); subterms)g)

de¯ne unfold mk:

Itt hoas bterm!mkf 'x< j!! j>g (displa yed as \ mkf xg" ) Ã !

matc h x with

inl v ¡ > let (left; right ) = v in var (left; right )

j inr t ¡ > let

(d; v) = t

in

let (op; st) = v in BTerm(d; op; st)

de¯ne unfold dest :

Itt hoas bterm!dest f 'bt< j!! j>g

(displa yed as \ destf btg" ) Ã !

matc h bt with

var (l ; r ) ¡ > inl (l ; r )

j BTerm(d; op; ts) ¡ > inr (d; (op; ts))

de¯ne unfold Iter :

Itt hoas bterm!Iter f 'X<j!! j>g

(displa yed as \ I ter f X g" ) Ã !

I mg(x : domf X g:mkf xg)

de¯ne unfold BT:

Itt hoas bterm!BTf 'n< j!! j>g (displa yed as \ BTf ng" ) Ã !

Ind (n) where Ind (n) =

n = 0 ) Ind (n) = Void

n > 0 ) Ind (n) = I ter f Ind (n ¡ 1)g

de¯ne const unfold BTerm:



116

Itt hoas bterm!BTerm (displa yed as \ BT erm " ) Ã !

[ n : N:BTf ng

de¯ne unfold BTerm2:

Itt hoas bterm!BTermf 'i< j!! j>g

(displa yed as \ BTermf i g" ) Ã !

f e : BT erm j De = i 2 Ng

de¯ne unfold ndepth :

Itt hoas bterm!ndepth f 't< j!! j>g

(displa yed as \ ndepthf t g" ) Ã !

f ix (ndepth:¸ t :matc h t with

var (l ; r ) ¡ > 1

j BTerm(bdepth; op; subterms) ¡ > maxl (map(x:ndepth x; subterms)) + 1) t

B.6.3 Rewrites

Basic facts about compatible shapes

* [1; 8] rewrite compatible shapes nil nil

fj public reduce jg :

compatible shapes(depth; []; []) Ã ! True

* [1; 8] rewrite compatible shapes nil cons

fj public reduce jg :

compatible shapes(depth; []; h2 :: t2) Ã ! F alse

* [1; 8] rewrite compatible shapes cons nil

fj public reduce jg :

compatible shapes(depth; h1 :: t1; []) Ã ! F alse

* [1; 10] rewrite compatible shapes cons cons

fj public reduce jg :

compatible shapes(depth; h1 :: t1; h2 :: t2)

Ã !
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((depth + h1) = Dh2 2 int )

^ compatible shapes(depth; t1; t2)

* [1; 16] rewrite bt reduce base fj public reduce jg :

BTf 0g Ã ! Void

* [1; 12] rewrite bt reduce step fj public reduce jg :

n 2 N ¡ !

BTf n + 1g Ã ! I ter f BTf ngg

B.6.4 Rules

* [1; 57] rule bt elim squash fj public elim [] jg ¡ :

[ wf ] h¡ i ; h¢ i ` nhj¡ ji [] 2 N ¡ !

[ base] h¡ i ; h¢ i ; l : N; r : N ` [P[var (l ; r )]] ¡ !

[ step]

1: h¡ i

2: h¢ i

3: depth : N

4: op : Operator

5: subterms: BTf nhj¡ ji []g List

6: compatible shapes(depth; shape(op); subterms)

` [P[BTerm(depth; op; subterms)]] ¡ !

h¡ i ; t : BTf n + 1g; h¢ i ` [P[t ]]

* [1; 15] rule bt elim squash0 fj public nth hyp jg ¡ :

h¡ i ; t : BTf 0g; h¢ i ` P[t ]

* [5; 255] rule bt wf and bdepth univ fj public intro [] jg :

[ wf ] h¡ i ` n 2 N ¡ !

h¡ i ` (BTf ng 2 U0l ) ^ 8t : BTf ng: (Dt 2 N)

* [5; 234] rule bt wf and bdepth wf fj public intro [] jg :

[ wf ] h¡ i ` n 2 N ¡ !
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h¡ i ` BTf ngType ^ 8t : BTf ng: (Dt 2 N)

* [1; 13] rule bt univ fj public intro [] jg :

[ wf ] h¡ i ` n 2 N ¡ !

h¡ i ` BTf ng 2 U0l

* [1; 13] rule bt wf fj public intro [] jg :

[ wf ] h¡ i ` n 2 N ¡ !

h¡ i ` BTf ngType

* [1; 15] rule bterm univ fj public intro [] jg :

h¡ i ` BT erm 2 U0l

* [1; 13] rule bterm wf fj public intro [] jg :

h¡ i ` BT erm Type

* [1; 7] rule nil in list bterm fj public intro [] jg :

h¡ i ` [] 2 BT erm List

* [2; 49] rule bdepth wf fj public intro [] jg :

[ wf ] h¡ i ` t 2 BT erm ¡ !

h¡ i ` Dt 2 N

* [1; 13] rule bdepth wf int fj public intro [] jg :

[ wf ] h¡ i ` t 2 BT erm ¡ !

h¡ i ` Dt 2 int

* [1; 13] rule bdepth wf positive fj public intro [] jg :

[ wf ] h¡ i ` t 2 BT erm ¡ !

h¡ i ` (Dt ) ¸ 0

* [1; 20] rule bterm2 wf fj public intro [] jg :

[ wf ] h¡ i ` n 2 N ¡ !

h¡ i ` BTermf ngType

* [1; 16] rule bterm2 forward

fj public forward []; public nth hyp jg ¡ :

1: h¡ i

2: x : e 2 BTermf dg
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3: h¢[ x]i

4: ehj¡ ji [] 2 BT erm

5: Dehj¡ ji [] = dhj¡ ji [] 2 N

` C[x] ¡ !

h¡ i ; x : e 2 BTermf dg; h¢[ x]i ` C [x]

* [1; 10] rule bterm2 is bterm fj public nth hyp jg ¡ :

h¡ i ; x : BTermf dg; h¢[ x]i ` x 2 BT erm

* [2; 57] rule compatible shapes univ fj public intro [] jg :

[ wf ] h¡ i ` bdepth 2 N ¡ !

[ wf ] h¡ i ` shape 2 int List ¡ !

[ wf ] h¡ i ` btl 2 BT erm List ¡ !

h¡ i ` compatible shapes(bdepth; shape; btl) 2 U0l

* [2; 53] rule compatible shapes wf fj public intro [] jg :

[ wf ] h¡ i ` bdepth 2 N ¡ !

[ wf ] h¡ i ` shape 2 int List ¡ !

[ wf ] h¡ i ` btl 2 BT erm List ¡ !

h¡ i ` compatible shapes(bdepth; shape; btl) Type

* [2; 35] rule bt subtype bterm fj public intro [] jg :

[ wf ] h¡ i ` n 2 N ¡ !

h¡ i ` BTf ng v BT erm

* [1; 59] rule domwf1 fj public intro [] jg :

[ wf ] h¡ i ` n 2 N ¡ !

h¡ i ` domf BTf nggType

* [1; 42] rule compatible shapes sqstable :

[ wf ] h¡ i ` bdepth 2 int ¡ !

[ wf ] h¡ i ` shape 2 int List ¡ !

[ wf ] h¡ i ` btl 2 BT erm List ¡ !

h¡ i ` [compatible shapes(bdepth; shape; btl)] ¡ !

h¡ i ` compatible shapes(bdepth; shape; btl)

* [1; 55] rule domwf fj public intro [] jg :
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h¡ i ` T v BT erm ¡ !

h¡ i ` domf T gType

* [2; 186] rule dommonotonefj public intro [] jg :

h¡ i ` T v S ¡ !

h¡ i ` S v BT erm ¡ !

h¡ i ` domf T g v domf Sg

* [2; 176] rule dommonotoneset fj public intro [] jg :

h¡ i ` T µ S ¡ !

h¡ i ` S v BT erm ¡ !

h¡ i ` domf T g µ domf Sg

* [1; 14] rule iter monotonefj public intro [] jg :

h¡ i ` T v S ¡ !

h¡ i ` S v BT erm ¡ !

h¡ i ` I ter f T g v I ter f Sg

* [1; 80] rule bt monotonefj public intro [] jg :

[ wf ] h¡ i ` n 2 N ¡ !

h¡ i ` BTf ng v BTf n + 1g

* [3; 72] rule var wf0 fj public intro [] jg :

h¡ i ` X v BT erm ¡ !

[ wf ] h¡ i ` l 2 N ¡ !

[ wf ] h¡ i ` r 2 N ¡ !

h¡ i ` var (l ; r ) 2 I ter f X g

* [2; 56] rule var wf fj public intro [] jg :

[ wf ] h¡ i ` l 2 N ¡ !

[ wf ] h¡ i ` r 2 N ¡ !

h¡ i ` var (l ; r ) 2 BT erm

* [3; 161] rule mkbterm bt wf fj public intro [] jg :

[ wf ] h¡ i ` n 2 N ¡ !

[ wf ] h¡ i ` depth 2 N ¡ !

[ wf ] h¡ i ` op 2 Operator ¡ !
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[ wf ] h¡ i ` subterms 2 BTf ng List ¡ !

h¡ i ` compatible shapes(depth; shape(op); subterms) ¡ !

h¡ i ` BTerm(depth; op; subterms) 2 BTf n + 1g

* [6; 114] rule mkbterm wf fj public intro [] jg :

[ wf ] h¡ i ` depth 2 N ¡ !

[ wf ] h¡ i ` op 2 Operator ¡ !

[ wf ] h¡ i ` subterms 2 BT erm List ¡ !

h¡ i ` compatible shapes(depth; shape(op); subterms) ¡ !

h¡ i ` BTerm(depth; op; subterms) 2 BT erm

* [2; 72] rule mkbterm wf2 fj public intro [] jg :

[ wf ] h¡ i ` d1 = d2 2 N ¡ !

[ wf ] h¡ i ` op 2 Operator ¡ !

[ wf ] h¡ i ` subterms 2 BT erm List ¡ !

h¡ i ` compatible shapes(d1; shape(op); subterms) ¡ !

h¡ i ` BTerm(d1; op; subterms) 2 BTermf d2g

* [3; 21] rule mkterm wf fj public intro [] jg :

[ wf ] h¡ i ` op 2 Operator ¡ !

[ wf ] h¡ i ` subterms 2 BT erm List ¡ !

h¡ i ` compatible shapes(0; shape(op); subterms) ¡ !

h¡ i ` Term(op; subterms) 2 BT erm

* [1; 18] rule mkterm wf2 fj public intro [] jg :

[ wf ] h¡ i ` d = 0 2 N ¡ !

[ wf ] h¡ i ` op 2 Operator ¡ !

[ wf ] h¡ i ` subterms 2 BT erm List ¡ !

h¡ i ` compatible shapes(0; shape(op); subterms) ¡ !

h¡ i ` Term(op; subterms) 2 BTermf dg

* [7; 559] rule bt elim squash2 fj public elim [] jg ¡ :

[ wf ] h¡ i ; h¢ i ` nhj¡ ji [] 2 N ¡ !

[ base] h¡ i ; h¢ i ; l : N; r : N ` [P[var (l ; r )]] ¡ !

[ step]
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1: h¡ i

2: n > 0

3: h¢ i

4: depth : N

5: op : Operator

6: subterms: BTf nhj¡ ji [] ¡ 1g List

7: compatible shapes(depth; shape(op); subterms)

` [P[BTerm(depth; op; subterms)]] ¡ !

h¡ i ; t : BTf ng; h¢ i ` [P[t ]]

* [2; 250] rule bterm elim squash

fj public elim [ThinFirst thinT] jg ¡ :

h¡ i ; h¢ i ; l : N; r : N ` [P[var (l ; r )]] ¡ !

1: h¡ i

2: h¢ i

3: depth : N

4: op : Operator

5: subterms: BT erm List

6: compatible shapes(depth; shape(op); subterms)

` [P[BTerm(depth; op; subterms)]] ¡ !

h¡ i ; t : BT erm ; h¢ i ` [P[t ]]

* [4; 105] rule bterm induction squash1 ¡ :

h¡ i ; h¢ i ; l : N; r : N ` [P[var (l ; r )]] ¡ !

1: h¡ i

2: h¢ i

3: n : N

4: depth : N

5: op : Operator

6: subterms: BTf ng List



123

7: compatible shapes(depth; shape(op); subterms)

8: 8t 2 subterms: [P[t ]]

` [P[BTerm(depth; op; subterms)]] ¡ !

h¡ i ; t : BT erm ; h¢ i ` [P[t ]]

* [8; 514] rewrite bind eta fj public reduce jg :

bt 2 BT erm ¡ !

(Dbt) > 0 ¡ !

B x: bt@x Ã ! bt

* [2; 1197]rewrite bind vec eta fj public reduce jg :

n 2 N ¡ !

bt 2 BT erm ¡ !

(Dbt) ¸ n ¡ !

B gamma: n : bt@lgammaÃ ! bt

* [4; 634] rewrite subterms lemmafj public reduce jg :

n 2 N ¡ !

subterms 2 BT erm List ¡ !

8i : I ndex(subterms): ((D(subtermsi )) ¸ n) ¡ !

map(bt:B v : n : bt@lv; subterms) Ã ! subterms

* [5; 1538]rule subterms depth

fj public intro [] jg shapehj¡ ji []:

[ wf ] h¡ i ` bdepth 2 N ¡ !

[ wf ] h¡ i ` shape 2 N List ¡ !

[ wf ] h¡ i ` btl 2 BT erm List ¡ !

h¡ i ` compatible shapes(bdepth; shape; btl) ¡ !

h¡ i ` 8i : I ndex(btl): ((D(btl i )) ¸ bdepth)

* [2; 19] rule subterms depth2

fj public intro [] jg shapehj¡ ji []:

[ wf ] h¡ i ` bdepth 2 N ¡ !

[ wf ] h¡ i ` shape 2 N List ¡ !

[ wf ] h¡ i ` btl 2 BT erm List ¡ !
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h¡ i ` compatible shapes(bdepth; shape; btl) ¡ !

h¡ i ` 8i : I ndex(btl): ((D(btl i )) ¸ bdepth)

* [2; 31] rule subterms depth3

fj public intro [] jg shapehj¡ ji []:

[ wf ] h¡ i ` bdepth 2 N ¡ !

[ wf ] h¡ i ` shape 2 N List ¡ !

[ wf ] h¡ i ` btl 2 BT erm List ¡ !

h¡ i ` compatible shapes(bdepth; shape; btl) ¡ !

h¡ i ` 8x 2 btl: ((Dx) ¸ bdepth)

* [2; 38] rewrite dest bterm mkbterm2 fj public reduce jg :

n 2 N ¡ !

op 2 Operator ¡ !

subterms 2 BT erm List ¡ !

compatible shapes(n; shape(op); subterms) ¡ !

matc h BTerm(n; op; subterms) with

var (l ; r ) ¡ > var case[l ; r ]

j BTerm(bdepth; op; subterms) ¡ > op case[bdepth;

op;

subterms] Ã !

op case[n; op; subterms]

* [3; 86] rewrite dest bterm mkterm fj public reduce jg :

op 2 Operator ¡ !

subterms 2 List ¡ !

matc h Term(op; subterms) with

var (l ; r ) ¡ > var case[l ; r ]

j BTerm(bdepth; op; subterms) ¡ > op case[bdepth;

op;

subterms] Ã !

op case[0; op; subterms]

* [1; 79] rewrite mkdest reduce fj public reduce jg :
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t 2 BT erm ¡ !

mkf destf t gg Ã ! t

* [1; 20] rewrite reduce ndepth1 fj public reduce jg :

l 2 N ¡ !

r 2 N ¡ !

ndepthf var (l ; r )g Ã ! 1

* [1; 26] rewrite reduce ndepth2 fj public reduce jg :

op 2 Operator ¡ !

bdepth 2 N ¡ !

subs 2 BT erm List ¡ !

compatible shapes(bdepth; shape(op); subs) ¡ !

ndepthf BTerm(bdepth; op; subs)g Ã !

maxl (map(x:ndepthf xg; subs)) + 1

* [2; 228] rule iter monotoneset fj public intro [] jg :

h¡ i ` T µ S ¡ !

h¡ i ` S v BT erm ¡ !

h¡ i ` I ter f T g µ I ter f Sg

* [1; 78] rule bt monotoneset fj public intro [] jg :

[ wf ] h¡ i ` n 2 N ¡ !

h¡ i ` BTf ng µ BTf n + 1g

* [7; 807] rule bt monotoneset2 fj public intro [] jg :

[ wf ] h¡ i ` k 2 N ¡ !

[ wf ] h¡ i ` n 2 N ¡ !

h¡ i ` n ¸ k ¡ !

h¡ i ` BTf kg µ BTf ng

* [3; 163] rule ndepth wf fj public intro [] jg :

[ wf ] h¡ i ` t 2 BT erm ¡ !

h¡ i ` ndepthf t g 2 N

* [11; 436] rule ndepth correct fj public intro [] jg :

[ wf ] h¡ i ` t 2 BT erm ¡ !
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h¡ i ` t 2 BTf ndepthf t gg

* [2; 42] rule bt subset bterm fj public intro [] jg :

[ wf ] h¡ i ` n 2 N ¡ !

h¡ i ` BTf ng µ BT erm

* [1; 81] rule dest bterm wf fj public intro [] jg :

[ wf ] h¡ i ` bt 2 BT erm ¡ !

[ wf ] h¡ i ; l : N; r : N ` var case[l ; r ] 2 T ¡ !

[ wf ]

1: h¡ i

2: bdepth : N

3: op : Operator

4: subterms: BT erm List

5: compatible shapes(bdepth; shape(op); subterms)

` op case[bdepth; op; subterms] 2 T ¡ !

1: h¡ i

`

matc h bt with

var (l ; r ) ¡ > var case[l ; r ]

j BTerm(bdepth; op; subterms) ¡ > op case[bdepth;

op;

subterms] 2

T

* [1; 183] rule dest wf fj public intro [] jg :

[ wf ] h¡ i ` t 2 BT erm ¡ !

h¡ i ` destf t g 2 domf BT erm g

* [3; 102] rule bterm elim fj public elim [] jg ¡ :

h¡ i ; h¢ i ; l : N; r : N ` P[var (l ; r )] ¡ !

1: h¡ i
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2: h¢ i

3: bdepth : N

4: op : Operator

5: subterms: BT erm List

6: compatible shapes(bdepth; shape(op); subterms)

` P[BTerm(bdepth; op; subterms)] ¡ !

h¡ i ; t : BT erm ; h¢ i ` P[t ]

* [1; 17] rule domelim fj public elim [] jg ¡ :

h¡ i ; domf T g; u : N £ N; h¢[ inl u]i ` P[inl u] ¡ !

1: h¡ i

2: domf T g

3: v :

depth : N £ op : Operator £ f subterms: T List j

compatible shapes(depth; shape(op); subterms)g

4: h¢[ inr v]i

` P[inr v] ¡ !

h¡ i ; t : domf T g; h¢[ t ]i ` P[t ]

* [1; 98] rewrite dest mkreduce n:

n 2 N ¡ !

t 2 domf BTf ngg ¡ !

destf mkf t gg Ã ! t

* [3; 41] rule bt elim1 fj public elim [] jg ¡ :

[ wf ] h¡ i ; t : BTf n + 1g; h¢[ t ]i ` nhj¡ ji [] 2 N ¡ !

[ step] h¡ i ; x : domf BTf ngg; h¢[ mkf xg]i ` P[mkf xg] ¡ !

h¡ i ; t : BTf n + 1g; h¢[ t ]i ` P[t ]

* [3; 382] rule bterm elim squash1 fj public elim [] jg ¡ :

h¡ i ; t : BT erm ; h¢[ t ]i ; l : N; r : N ` [P[var (l ; r )]] ¡ !

1: h¡ i
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2: t : BT erm

3: h¢[ t ]i

4: depth : N

5: op : Operator

6: subterms: BT erm List

7: compatible shapes(depth; shape(op); subterms)

` [P[BTerm(depth; op; subterms)]] ¡ !

h¡ i ; t : BT erm ; h¢[ t ]i ` [P[t ]]

* [3; 101] rule bterm elim2 fj public elim [] jg ¡ :

h¡ i ; t : BT erm ; h¢[ t ]i ; l : N; r : N ` P[var (l ; r )] ¡ !

1: h¡ i

2: t : BT erm

3: h¢[ t ]i

4: bdepth : N

5: op : Operator

6: subterms: BT erm List

7: compatible shapes(bdepth; shape(op); subterms)

` P[BTerm(bdepth; op; subterms)] ¡ !

h¡ i ; t : BT erm ; h¢[ t ]i ` P[t ]

* [5; 122] rule bterm elim3 ¡ :

h¡ i ; l : N; r : N; h¢[ var (l ; r )]i ` P[var (l ; r )] ¡ !

1: h¡ i

2: bdepth : N

3: op : Operator

4: subterms: BT erm List

5: compatible shapes(bdepth; shape(op); subterms)

6: h¢[ BTerm(bdepth; op; subterms)]i

` P[BTerm(bdepth; op; subterms)] ¡ !
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h¡ i ; t : BT erm ; h¢[ t ]i ` P[t ]

The following is the actual induction principle (the previousrulesare just elimination

rules).

* [6; 261] rule bterm induction fj public elim [] jg ¡ :

[ base] h¡ i ; t : BT erm ; h¢[ t ]i ; l : N; r : N ` P[var (l ; r )] ¡ !

[ step]

1: h¡ i

2: t : BT erm

3: h¢[ t ]i

4: bdepth : N

5: op : Operator

6: subterms: BT erm List

7: compatible shapes(bdepth; shape(op); subterms)

8: 8t 2 subterms: P[t ]

` P[BTerm(bdepth; op; subterms)] ¡ !

h¡ i ; t : BT erm ; h¢[ t ]i ` P[t ]

* [1; 57] rule is var wf fj public intro [] jg :

[ wf ] h¡ i ` t 2 BT erm ¡ !

h¡ i ` is var (t ) 2 B

* [2; 123] rule subterms wf1 fj public intro [] jg :

[ wf ] h¡ i ` t 2 BT erm ¡ !

h¡ i ` : (" is var (t )) ¡ !

h¡ i ` subterms t 2 BT erm List

BT erm hasa trivial squiggleequality.

* [18; 455] rule bterm sqsimple

fj public intro []; public sqsimple jg :
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h¡ i ` sqsimplef BT erm g

* [2; 40] rule bterm sqsimple2

fj public intro []; public sqsimple jg :

[ wf ] h¡ i ` n 2 N ¡ !

h¡ i ` sqsimplef BTermf ngg

De¯ne a Booleanequality (alpha equality) on BTerms.

de¯ne unfold beq bterm :

Itt hoas bterm!beq btermf 't1< j!! j>; 't2< j!! j>g

(displa yed as \ beqbtermf t1; t2g" ) Ã !

f ix (beq bterm:¸ t1:¸ t2:matc h t1 with

var (l1; r1) ¡ > matc h t2 with

var (l2; r2) ¡ > beqvarf var (l1; r1); var (l2; r2)g

j BTerm(d1; o1; s1) ¡ > f alse

j BTerm(d1; o1; s1) ¡ > matc h t2 with

var (l2; r2) ¡ > f alse

j BTerm(d2; o2; s2) ¡ > (d1 = b d2)

^ b is same op(o1; o2)

^ b (8bt1; t2 2 s1; s2: (beq bterm t1 t2))) t1 t2

* [1; 22] rewrite reduce beq bterm var var

fj public reduce jg :

l1 2 N ¡ !

r1 2 N ¡ !

l2 2 N ¡ !

r2 2 N ¡ !

beqbtermf var (l1; r1); var (l2; r2)g Ã !

beqvarf var (l1; r1); var (l2; r2)g

* [1; 55] rewrite reduce beq bterm var bterm

fj public reduce jg :
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l 2 N ¡ !

r 2 N ¡ !

d 2 N ¡ !

o 2 Operator ¡ !

s 2 List ¡ !

beqbtermf var (l ; r ); BTerm(d; o; s)g Ã ! f alse

* [1; 38] rewrite reduce beq bterm bterm var

fj public reduce jg :

l 2 N ¡ !

r 2 N ¡ !

d 2 N ¡ !

o 2 Operator ¡ !

s 2 List ¡ !

beqbtermf BTerm(d; o; s); var (l ; r )g Ã ! f alse

* [1; 35] rewrite reduce beq bterm bterm bterm

fj public reduce jg :

d1 2 N ¡ !

o1 2 Operator ¡ !

s1 2 BT erm List ¡ !

d2 2 N ¡ !

o2 2 Operator ¡ !

s2 2 BT erm List ¡ !

compatible shapes(d1; shape(o1); s1) ¡ !

compatible shapes(d2; shape(o2); s2) ¡ !

beqbtermf BTerm(d1; o1; s1); BTerm(d2; o2; s2)g Ã !

(d1 = b d2)

^ b is same op(o1; o2)

^ b (8bt1; t2 2 s1; s2: beqbtermf t1; t2g)

* [10; 326] rule beq bterm wf fj public intro [] jg :

[ wf ] h¡ i ` t1 2 BT erm ¡ !
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[ wf ] h¡ i ` t2 2 BT erm ¡ !

h¡ i ` beqbtermf t1; t2g 2 B

* [6; 152] rule beq bterm intro fj public intro [] jg :

h¡ i ` t1 = t2 2 BT erm ¡ !

h¡ i ` " beqbtermf t1; t2g

* [24; 791] rule beq bterm elim fj public elim [] jg ¡ :

[ wf ] h¡ i ; u : " beqbtermf t1; t2g; h¢[ u]i ` t1hj¡ ji [] 2 BT erm ¡ !

[ wf ] h¡ i ; u : " beqbtermf t1; t2g; h¢[ u]i ` t2hj¡ ji [] 2 BT erm ¡ !

h¡ i ; u : t1 = t2 2 BT erm ; h¢[ u]i ` C [u] ¡ !

h¡ i ; u : " beqbtermf t1; t2g; h¢[ u]i ` C [u]

de¯ne unfold beq bterm list :

Itt hoas bterm!beq bterm list f 'l1< j!! j>; 'l2< j!! j>g

(displa yed as \ beqbterm list f l1; l2g" ) Ã !

8bt1; t2 2 l1; l2: beqbtermf t1; t2g

* [1; 8] rewrite reduce beq bterm list nil nil

fj public reduce jg :

beqbterm list f []; []g Ã ! tr ue

* [1; 8] rewrite reduce beq bterm list nil cons

fj public reduce jg :

beqbterm list f []; u :: vg Ã ! f alse

* [1; 8] rewrite reduce beq bterm list cons nil

fj public reduce jg :

beqbterm list f u :: v; []g Ã ! f alse

* [1; 18] rewrite reduce beq bterm list cons cons

fj public reduce jg :

beqbterm list f u1 :: v1; u2 :: v2g

Ã !

beqbtermf u1; u2g ^ b beqbterm list f v1; v2g

* [2; 15] rule beq bterm list wf fj public intro [] jg :

[ wf ] h¡ i ` l1 2 BT erm List ¡ !
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[ wf ] h¡ i ` l2 2 BT erm List ¡ !

h¡ i ` beqbterm list f l1; l2g 2 B

* [2; 173] rule beq bterm list intro fj public intro [] jg :

h¡ i ` t1 = t2 2 BT erm List ¡ !

h¡ i ` " beqbterm list f t1; t2g

* [6; 213] rule beq bterm list elim fj public elim [] jg ¡ :

[ wf ]

1: h¡ i

2: u : " beqbterm list f t1; t2g

3: h¢[ u]i

` t1hj¡ ji [] 2 BT erm List ¡ !

[ wf ]

1: h¡ i

2: u : " beqbterm list f t1; t2g

3: h¢[ u]i

` t2hj¡ ji [] 2 BT erm List ¡ !

h¡ i ; u : t1 = t2 2 BT erm List ; h¢[ u]i ` C [u] ¡ !

h¡ i ; u : " beqbterm list f t1; t2g; h¢[ u]i ` C [u]

Simple rules for forward chaining.

* [1; 34] rule beq bterm forward fj public forward jg ¡ :

[ wf ] h¡ i ; h¢[ ¢]i ` t1hj¡ ji [] 2 BT erm ¡ !

[ wf ] h¡ i ; h¢[ ¢]i ` t2hj¡ ji [] 2 BT erm ¡ !

h¡ i ; h¢[ ¢]i ; t1hj¡ ji [] = t2hj¡ ji [] 2 BT erm ` C[¢] ¡ !

h¡ i ; x : " beqbtermf t1; t2g; h¢[ x]i ` C [x]

* [1; 34] rule beq bterm list forward fj public forward jg ¡ :

[ wf ] h¡ i ; h¢[ ¢]i ` t1hj¡ ji [] 2 BT erm List ¡ !

[ wf ] h¡ i ; h¢[ ¢]i ` t2hj¡ ji [] 2 BT erm List ¡ !

h¡ i ; h¢[ ¢]i ; t1hj¡ ji [] = t2hj¡ ji [] 2 BT erm List ` C [¢] ¡ !
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h¡ i ; x : " beqbterm list f t1; t2g; h¢[ x]i ` C [x]

Equality reasoning.

* [2; 103] rule mkbterm simple eq fj public intro [] jg :

[ wf ] h¡ i ` d1 = d2 2 N ¡ !

[ wf ] h¡ i ` op1 = op2 2 Operator ¡ !

[ wf ] h¡ i ` subterms1 = subterms2 2 BT erm List ¡ !

h¡ i ` compatible shapes(d1; shape(op1); subterms1) ¡ !

1: h¡ i

`

BTerm(d1; op1; subterms1)

= BTerm(d2; op2; subterms2) 2 BT erm

* [4; 113] rule mkbterm eq fj public intro [] jg :

[ wf ] h¡ i ` d1 = d3 2 N ¡ !

[ wf ] h¡ i ` d2 = d3 2 N ¡ !

[ wf ] h¡ i ` op1 = op2 2 Operator ¡ !

[ wf ] h¡ i ` subterms1 = subterms2 2 BT erm List ¡ !

h¡ i ` compatible shapes(d1; shape(op1); subterms1) ¡ !

1: h¡ i

`

BTerm(d1; op1; subterms1)

= BTerm(d2; op2; subterms2) 2 BTermf d3g

* [2; 22] rule bterm depth eq fj public nth hyp jg :

h¡ i ` t 2 BTermf dg ¡ !

h¡ i ` d = Dt 2 int

* [1; 391] rule bterm depth ge fj public nth hyp jg :

h¡ i ` t 2 BTermf dg ¡ !
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h¡ i ` (Dt ) ¸ d


	Acknowledgments
	Abstract
	Introduction
	What Is Reflection
	Programming Language Metatheory
	Terminology
	Organization

	Previous Models of Reflection
	A Hybrid HOAS/de Bruijn Representation of the Syntax
	Bound Terms
	Terminology
	Abstract Operators
	Inductively Defining the Type of Well-Formed Bterms
	Our Approach

	Formal Implementation of the Syntax in a Theorem Prover
	Computations and Types
	HOAS Representation
	Vector HOAS Operations
	de Bruijn Representation
	Operators
	The Type of Reflected Terms
	Exotic Terms and Decidability
	A Small Example
	Related Work

	The HOAS Representation Function
	Sequent Representation
	Sequent Context Induction
	Computation on Sequent Terms
	Computing Canonical Sequent Representations

	Proof Reflection
	Proof Checking
	Derivations and Provability
	Proof Reflection and Automation
	Proof Induction
	Preliminary Discussion

	An Example: F<:
	Defining the Syntax of F<:
	Reflected Syntax
	The F<: Logic
	Structural Induction

	Discussion and Future Work
	Bibliography
	Architecture and Summary of the Implementation in MetaPRL

