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Abstract

It is well known that adding re°ective reasoningcantremendouslyincreasethe power
of a proof assistarn. In orderfor this theoreticalincreaseof power to becomeaccessible
to usersin practice, the proof assistam needsto provide a great deal of infrastructure
to support re°ective reasoning. In this thesis we explore the problem of creating a
practical implemertation of sud a support layer.

Our implemertation takesa speci cation of a logical theory (which is identical to
how it would be speci ed if we simply intended to reasonwithin this logical theory,
insteadof re°ecting it) and automatically generateghe necessaryle nitions, lemmas,
and proofs that are neededto enablethe re°ected metareasoningin the provided
theory.

One of the key featuresof our approad is that the structure of alogic is presened
whenit is re°ected, including variables, meta variables, and binding structure. This
allows the structure of proofsto be presened aswell, and there is a one-to-onemap
from proof stepsin the original logic to proof stepsin the re°ected logic. The act of
re°ecting a languageis automated; all de nitions, theorems,and proofsare presened
by the transformation and all the key lemmas(such asproof and structural induction)
are automatically derived.

The principal represemation usedby the re°ected logic is higher-order abstract
syntax (HOAS). Howewer, reasoningabout terms in HOAS can be awkward in some
casesgespecially for variables. For this reason,we de ne a computationally equivalert
variable-freede Bruijn represemation that is interchangeablewith the HOAS in all
cortexts. The de Bruijn represemation inherits the properties of substitution and

alpha-equality from the logical framework, and it is not complicatedby administrative



issuedlike variable renumbering.

We further dewelop the conceptsand principles of proofs, provability, and struc-
tural and proof induction. This work is fully implemerted in the MetaPRLtheorem
prover. We illustrate with an application to F<: asde ned in the POPLmak chal-

lenge.


http://metaprl.org/

cContents

Ac knowledgmen ts

Abstract

1 Intro duction

Vi

1.1 What IsRe®ection . . . . .. . . . . . . . e

1.3 Terminology

1.4 Organization

1.2 Programming LanguageMetatheorJ ...................

2 Previous Mo dels of Re°ection ‘

3 A Hybrid HOAS/de Bruijn Representation of the Syntax

3.2 Terminology

3.1 BoundTerms . . . . . . . . . .

3.3 Abstract Operators . . . . . . . . . .o

3.4 Inductively De ning the Type of Well-Formed BtermJ .........

3.5 Our Approadn . . . . . .. e

4 Formal Implemen tation of the Syntax in a Theorem Prover

4.1 Computationsand TYPES. . . . . . . . v o v i i e e

4.2 HOAS Represetation . . . . . . . . . . . it

4.3 Vector HOAS Operations. . . . . . . . . o v v i v i e it e

4.4 deBruijn Represemation . . . . . . ... ...

4.5 Operators .

~ o A~ P

10

11



4.6 The Typeof Re°ectedTerms . . . . . . . . . . . . . ... ...

4.7 Exotic Termsand Decidability . . . . . . . . . .. .. ... ... ...
4.8 A Small Exampl4 .............................
49 RelatedWorlJ ...............................

5 The HOAS Representation Function

6 Sequent Representation ‘

6.1 Sequeh Context Induction . . . . . . . . . . . . . ...

6.2 Computationon Sequeh Terms . . . . . . . . . . v v v v v ..

6.3 Computing Canonical Sequemh Represetations . . . . . ... ... ..

7 Pro of Re‘ection
7.1 ProofChe&king . ... . . .. . . . . . . i e

7.2 Derivationsand Provability . . . . ... ... ... .. ... ...

7.3 Proof Re®ection and Automation| . . . . . ... ... ... ... ...

7.4 Proof Induction . . . . . . . . . . ...

7.5 Preliminary DIiSCUSSION . . . . . . . . . . i e

8 An Example: Fc-

8.1 DeningtheSynax of F<: . . . . . . . . . . . . . . .. . ... . ...
8.2 Re°ected Syrtax‘ .............................
8.3 TheFce: LOGIC. . . . . o v i e e e e e e e

8.4 Structural Induction‘ ...........................

9 Discussion and Future Work‘

Bibliograph y

A Arc hitecture and Summary of the Implemen tation in MetaPRL

B Partial Listing of Relevant MetaPRL Theories

B.1 Itt _hoasbasemodule . . . . . . . . . . . . . ... ...

44

47
a7
50
51

54
55
56
58
60
62

65
65
67
68
70

73

76

84

86


http://metaprl.org/
http://metaprl.org/

B.1.1 Parerts . . .. .. . . . . .. 87
B.1.2 Terms . . . . . . . . . 87
B.1.3 RewriteS . . . . . . . . . 89
B.2 Itt .hoasvectormodule . . . . . . ... ... ... 91
B.2.1 Parents . ... .. . . ... 91
B.2.2 Terms . . . . . . . . . . 91
B.2.3 RewriteS . . . . . . . . . 93
B.3 Itt _hoasdebruiin module . . . . . ... ... ... ... ... ..... 96
B.3.1 Parents . . . . .. . . ... 96
B.3.2 Terms . . . . . . . . e 97
B.3.2.1 A de Bruijn-lik e represemation of syntax . . . . . . . 97

B.3.2.2 Basicoperationsonsynax . .. ........... 97

B.3.3 Rewrites . . . . . . . . . . 99
B.4 Itt _hoasoperatormodule . . . . . ... ... ... .. ... ... ... 106
B.4.1 Parerts . . .. .. . ... 106
B.4.2 Terms . . . . . . . . . . 106
B.4.3 Rules. . . . .. ... .. 107
B.4.4 ConcreteOperators. . . . . . . . . v i i i e 109
B.5 Itt _hoasdesttermmodule. . . . . .. ... ... ... ... 110
B.5.1 Parerts . . .. .. .. ... .. 111
B.5.2 TermJﬁ ............................... 111
B.53 Rules. . . . . ... . .. 112
B.5.4 Rewrites . . . . . . . . . 112
B.6 Itt .hoasbterm module . . . . . .. ... ... .. .. 114
B.6.1 Parerts . ... ... ... ... 114
B.6.2 Terms . . . . . .. . . . . 114
B.6.3 Rewrites . . . . . . . . ... 116

B.6.4 Rule&L ................................ 117



Chapter 1

Intro duction

Very generally re°ection is the ability of a systemto be \self-aware" in someway.
More speci cally, by re°ection we meanthe property of a computational or formal
systemto be able to accessand internalize someof its own properties.

It is well known that re°ection can tremendouslyincreasethe power of a formal
reasoningsystem. Surprisingly, formal systemstend to avoid the subject, or provide
poor tools for re°ective work. The fundamertal goal of this work is to provide a
method for implemerting a practical re°ection of syntax, computation, and proof in
a logical framework.

The implemertation of a re°ection systemhas two core parts: represeting the
syntax, and medanizing the reasoning.The issueof represetation is certral, and far
from trivial: dealingwith formal syntax meansdealing with structures that involve
bindings, and in a logical cortext it seemsnatural to usethe sameformal tools to
descrike syntax|often limiting the usability of suc formalizations to speci ¢ theo-
ries and toy examples.Represeting languageswith bindings hasbeenrecognizedas
crucial by the theorem proving comrunity; it requiresa treatment of ®equivalence
and capture-avoiding substitution. Many di®eren solutionsto the binding problem
have beenproposed. For example,one may usenamelessor de Bruijn encadings for
variables [23], nominal represemations [53,17], or higher-order abstract syntax [52]
(HOAS), with various trade-o®s. The de Bruijn encaling provides a very concrete
represemation with a clearinduction principle, but reasoningis cluttered by super°u-

ous artifacts like the needto perform name shifting, and one getsvery little built-in



2
help from the prover for theseissues.At the other extreme, HOAS provides a clean
abstract represemation with excellet support from the prover, but variable names
are inaccessibleand the induction stheme can be hard to formulate. Nominal ap-
proachesare in between;namesare accessiblethe represemation is mildly cluttered
by explicit renamings,but frequertly the existing framework logic or metalogic must
be extendedto include explicit naming cortexts.

In this work we presert a hybrid approad using a conmbined HOAS/de Bruijn
represemation for terms. To addressthe issueof computation and induction over
terms, eat re°ected term hastwo equivalert forms. Oneis a HOAS represetation,
wherevariablesin the object logic are represened by variablesin the re°ected logic,
and binding is presened. On top of it there is a de Bruijn represetation layer, where
bindersare speci ed by arity, and variablesare denotedwith numericalindices. These
two represemations are formally and computationally indistinguishable,which allows
the appropriate represetation to be selectedat the appropriate time. For example,
the HOAS represemation is normally the preferredform for usersbecauseof its clarity,
but the de Bruijn represemation is more appropriate for computations that involve
induction or computation on variables (for example,computing the free variables of
aterm).

The fundamertal reasonthat our approad is practical isthat it presenesstructure
exactly in this sense: all variables, including both object and meta variables, are
presened by the represemation. In the manner of HOAS, binding structure is also
presened by the transformation, both for formulas and for (sequen) judgmens. One
might call this meta-higher-orderabstract syntax.

The bene t of preservingthe term structure is that medanizedreasoningworks
transparertly. That is, there is a one-to-onecorrespndencefrom proof stepsin the
original logic to re°ected proof stepsin the metalogic. In fact the translation is direct
and medanical, which meansthat proof automation in the original logic alsoapplies
in the re°ected logic.

The re°ection framework we implemert provides a context that is corveniert

for talking about represemations and specifying properties of proofs in a uniform
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way that appliesto all logical theoriesthat can be speci ed as a logic in the logical
framework. Furthermore, the act of re°ecting a logic is automated, and the principles
for structural and proof induction are automatically derivedfor every re°ectedtheory.

Naturally, our work can be applied to dewlop medanized methods for a pro-
gramming languagemetatheory, with which we canreasonnot only about individual
languages,but also about classesof languages,languageschemas and soon. The
reasonis that a programming languagecan be de ned as a particular logic in the
logical framework, usingthe samemedanismsfor de nition, reasoning,and automa-
tion that are available to other logics. There are at leastthree logicsin consideration
here| P: the programming language(also called the \ob ject logic"); M: the meta-
logic in which reasoningabout the programming languageis to be performed;and F:
the meta-metalogic,or framework logic, in which the metalogic M is de ned. The
choice of framework logic F and metalogic M are basedmainly on the choice of the
prover, which then restricts the set of choicesfor the framework logic and the met-
alogic (in many casesF and M are one and the same). The main issuehereis to
de ne a representation of programsand judgmerts in P in terms of formulas, propo-
sitions, and sertencesin M. We usere®ection to provide a uniform represemation
map, where a programming languageP is re°ected en masseto form a subtheory of
the metalogicM. As mertioned earlier, the act of re°ecting a languageis automated;
all de nitions, theorems,and proofs are presened by the transformation and all the
key lemmas(such as proof and structural induction) are automatically derived. We
will illustrate with an application to the F<: languageas de ned in the POPLmak
challenge[12].

To summarize,the cortributions of this thesisinclude:
2 a new approad to represeting languageswith bindings;

2 a theory of implemerting a practical re°ection of syntax, computation, and

proof in a logical framework;

2 an implemertation that can be usedfor medanized metareasoningabout pro-

gramming languages.
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We have carried out a complete formal accourt of this work in the MetaPRLlogical
framework [41,43]. In the appendicesof this thesis, we provide an architectural
overview of the formal implemertation, and alsolist seweral mostimportant modules
of this work. All formalizations are available online [43,42]. An important feature of
this work is that no extensionsto the metalogicor framework logic are needed.

In the rest of this chapter, we provide somebadground knowledge. We rst give
a more detailed accourt of what re°ection is in Section/1.1, then in Section'1.2 give
an introduction on the currernt state of the art in automated programming language
metatheory. In Section'1.3 we dewelop the syntax and languageof logics. At the end

of the chapter, we outline the structure of this thesis.

1.1 What Is Re°ection

As mertioned earlier, re°ection is the ability of someertity to refer to itself.

There are many areasof computer sciencewhere re°ection plays or should play
a major role. When exploring properties of programming languages(and other lan-
guages)one often realizesthat languageshave at least two kinds of properties|
semantic properties that have to do with the meaning of what the language'scon-
structs express,and syntactic properties of the languageitself.

Supposefor examplethat we are exploring somelanguagethat cortains arithmetic
operations. And in particular, in this languageone can write polynomials like x? +
2x + 1. In this casethe number of roots of a polynomial is a semartic property since
it hasto do with the valuation of the polynomial. On the other hand, the degree
of a polynomial could be consideredan example of a syntactic property since the
most natural way to de ne it is asa property of the expressionthat representsthat
polynomial. Of course,syntactic properties often have semartic consequencesyhich
is what makesthem especially important. In this example,the number of roots of a
polynomial is boundedby its degree.

Another areawherere®ection plays animportant roleis run-time code generation|

in most cases,a languagethat supports run-time code generationis essetially re-
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°ective, asit is capableof manipulating its own syntax. In order to reasonabout
run-time code generationand to expressits semarnics and properties, it is natural to
usea reasoningsystemthat is re°ective aswell.

There aremany di®eren °avorsof re°ection. The syntactic re°ection we have seen
in the examplesabove, which is the ability of a systemto internalize its own syntax,
is just one of thesemarny °avors. Another very important kind of re°ection is logical
re°ection, which is the ability of a reasoningsystemor logic to internalize and reason
about its own logical properties. A good exampleof a logical re°ection is reasoning
about knowledge|since the result of reasoningabout knowledgeis knowledgeitself,
the logic of knowledgeis naturally re°ective [11].

In most casesit is natural for re°ection to be iterated. In the caseof syrntactic
re°ection we might care not only about the syntax of our language,but also about
the syntax usedfor expressingthe syrntax, the syntax for expressingthe syntax for
expressingthe syntax and soforth. In the caseof the logic of knowledgeit is natural
to have iterations of the form \I know that he knows that | know ..."

Re°ection can add a lot of additional power to a formal reasoningsystem[34, 10].
In particular, it is well known [36,44,29,48] that re°ection allows a superexponertial
reduction in the sizeof certain proofs. In addition, re°ection could be a very useful
medanismfor implemerting proof seard algorithms [3,33,21]. SeealsoHarrison [40]

for a survey of re°ection in theorem proving.

1.2 Programming Language Metatheory

It hasbeenwell establishedthat better programmingtechnology is neededto assure
the safety and reliability of our software infrastructure. As found in the PITAC
reports [55,56], our software infrastructure is fragile, technologiesto build reliable
software are inadequate,and the demandfor reliable software exceedsour ability to
produceit.

The dewelopmert of newprogramminglanguagess a crucial part of addressinghe

software dewelopmern problem. New languagesjncluding domain-sgeci ¢ languages,
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can simplify dewelopmen and maintenance by making programs more conciseand
clear, and they can improve reliability in the form of guamantees that hold for all
programswritten in the language.For example,strongly-typed languagesguarartee
memory and code safel, though at somelossin expressiviy. Domain-speci ¢ lan-
guagescan often go further, guararteeing additional propertiesrelevant to a domain.

Programminglanguagepropertiesand guararteesare morethan just properties of
speci ¢ programs|they are propertiesof any programwritten in the language.They
ensurethat, no matter how a programis constructedor modi ed, the guararteeswill
cortinue to hold. They can be a tremendousbene t during software developmert
becauseno designe®ortis needed,the guararteessimply hold.

The study of programming languageproperties is called programming language
metathery. Given the bene ts of metatheoretical guarartees, one might wonder
why there are not more sud languagesin widespreaduse. There are at least two
answers. First, while the properties of any individual languagemay be precise,the
properties of the composition of languagess not nearly as clear, and there has been
little researt on this topic. For this reason(and others) programmerspreferto keep
their repertoire, and their risk, limited. Second,programming languagemetatheory
can be exceedinglytedious and error prone, using highly technical, yet routine, proof
methods. This leadsto a reluctanceon the part of the designerto perform the proofs,
and a reluctanceon the part of the community to read the proofs. The consequence
is that even in the rare casewhen a new languageis accompaniedby proofs, these
proofs are given lessscrutiny than we might wish. This leaves us with two certral
problems: (1) the metatheoretical properties of systemsconstructed using multiple
languagesare poorly studied, and (2) new languagesare rarely accompaniedby a
strong metatheory.

Automated methods promise a solution to part of the problem. Since proofs
tend to be routine, why not have a madine perform the tedious, technical work?
There has been some progressin this direction recerly, notably presened as the
POPLmak challenge[12], which posesthe speci ¢ problem of automated reasoning

for the kernel System F<: language(the polymorphic , calculus with subtyping).
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Se\eral researbers are performing ongoingwork related to the challenge[20,59, 30,
and it seemdikely that acceptablesolutionswill be found, at leastfor F<:. In these
approadies, the F<: languageis formal, and the proofs are medanized. Howe\er,
the proof methods are ad hoc.

Stated more generally the current state of the art in automated metatheory ad-
dresseghe problem of formal automated reasoningabout speci ¢ concrete languages
using custom methods for eat language. What is missing is the ability to reason
about propertiesthat apply to multiple languagespr relations betweenlanguagespor
formal functions that map the properties of one languageto another. That is, what
is missingis (1) reuseof formal knowledge, and (2) reasoningabout systemswith
componerts written in seeral languages.

Our re°ection framework can provide medanized methods for a programming

languagemetatheory with the following abilities.

2 The ability to reasonabout classesof languagessothat results may be reused

to cover multiple concretelanguages

2 The ability to perform higher-order reasoning, establishing relationships be-

tweenlanguages.

1.3 Terminology

We assumethat the languageof the logical framework F cortains sequets, second-
order meta variables, and terms, as showvn in Figure A term t is a formula

corntaining variables,concreteterms, or sequets. A concreteterm opf by; ¢¢¢; b,g has

of variables. For example,a term for represeting the sumi + j might be de ned as
addf :i; :j g (normally, we will omit the leading\:" if there are no binders, writing it as

addfi;jg). A term for lambda-abstraction ,x: t would include a binding occurrence

IStrictly speaking, cortext variables are bindings and meta-variables have cortext argumerts in
addition to term argumerts. This doesnot a®ectthe presenation until we get to context induction
(Chapter [6), and we omit cortext argumerts for now.



t = X object ( rst-order) variables
o z[ty; ¢CC;t,] second-ordemeta-variables
j it sequets
j opfby;¢ee;b,g  concreteterms
b = XqyiiniXait bound terms
i = hq¢ec;h, sequen cortexts
h = X[ty ¢¢¢;t,] cortext meta-variables
j o ox:t hypothesisbindings and terms
P = Ri;R, ¢¢; R, a logic
R == ti;j! ¢¢¢ij! t, inferencerules

(t; are closedw.r.t. object variables)

Figure 1.1: Syntax of formulas and logics

lambdd x: tg. Note that in this case,the primitiv e binding construct is the bound
term b, and , -bindersarea de ned term. An alternate choicewould beto usea single
primitiv e , binder (for example,asis donein LF [39)).

A sequeh j " t includesa sequen cortext j, which is a sequenceof dependen
hypothesesh;; ¢¢¢; h,,, whereead hypothesisis a binding x: t or a cortext variable
X|[ty; ¢¢¢;t,] (x and X bind to the right). Note that sequets can be arbitrarily
nestedinside other terms and are not necessarilyassaiated with judgmerts.

Second-ordemeta variables z[t;; ¢¢¢;t,,] and cortext variables X [tq; ¢¢¢;t,] in-

substitution functions, and are implicitly universally quarti ed for ead rule in which
they appear [45. For example,a second-ordewariable z[] represets all closedterms
(normally we will write simply z, omitting empty brackets®). The second-ordewari-
able z[x] represems all terms with zeroor more occurrencesof the variable x (that is,
any term wherex is the only free variable).

To illustrate, considerthe \substitution lemma" that is valid in many logics. In

textb ook notation, it might be written as follows, wheret;[x A s] represets the

2This will not causeconfusionwith “rst-order variables, since,whenin use,a rst-order variable
cannot occur free in a judgment and a second-ordervariable cannot be bound; we can always
distinguish them.
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substitution of s for x in t;, and x 62fv(¢) is a side condition of the rule.

Xty € T t12t, ;¢ s2ty (X 62v(l))
i:¢ tix A s]2t,

In our more concrete notation, s;t;;t,;t; are all represeted with second-order
variables,and j ;¢ with cortext variables. Substitutions are de ned using the term
argumerts; rules are de ned using the meta implication ¢j! ¢ and we considerall
meta variablesto be universally quarti ed in arule. The concreteversionis written
as follows (where we uses 2 t asa pretty form for a term membdrs;tg, and z; are

second-ordemeta variables).

(X;x:2z3Y " z1x] 2 25) !
(X3Y " 292 2z3) ! (1.1)
(XY " z1[z0] 2 2)

In the nal sequem, the term z;[zo] implicitly speci es substitution of zy for x in z;.

Note how the term argumerns are usedto specify binding precisely|the variable
x is allowed to occur free in z;, but in no other term. The reasonwe adopt this
second-ordemotation is for the precisionthat can be obtained without the needfor
side conditions. All rule sthemasrepresetable with substitution notation are also
represemable as second-orderschemas,but not vice versa,exceptwith a suzciently
rich set of side conditions.

For the nal part, alogic P is an orderedsequenceof rules. Each rule may be an
axiom, or it may be derived from the previousrulesin the logic.

In the particular framework logic Fpjetgpr( that we use,logicsare consideredio
be open ended. That is, the models of the logic include models with possibly more
formulas, more rules, and more sertencesthat are true. In particular, F does not
provide any proof induction principle for its theories. This is of little consequence;

oncere’ected, a theory can be closed,and we will obtain an induction principle.
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1.4 Organization

The generalstructure of this text roughly follows the researt path that it descrikes.
Chapter2 beginswith a brief survey of existing techniquesfor formal reasoningabout
syntax. Next in Chapter3 we outline our approad to reasoningabout syntax and in
Chapter 4/ we preser a formal accourt of our syntax theory for simpleterms basedon
a Martin-LAf style computational type theory and the implemertation of that accourt
in the MetaPRL theorem prover, and in Chapter 6 extend it to sequeh judgmens,
where we rely on the use of \teleportation" to perform sequen cortext induction.
Oncethe represemation for terms is de ned, we proceedto dewelop a represetation
of proofs and the correspnding principle for proof induction (Chapter 7). We pro-
ceedwith someexamplesrelating to the POPLmak challenge[12] (Chapter(8) where
we also dewelop the principle for structural induction (Section/8.4). We nish with

discussionand future work (Chapter 9).
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Chapter 2

Previous Mo dels of Re°ection

Any form of logical re°ection is preconditioned by the ability to re°ect the syrntax.
Re°ecting syntax in a logical system entails writing proof rules that expressthat
re°ection, i.e., establishingan inferertial connectionbetweenthe actual syntax used
in the object logic P and the meta terms in the metalogicM supposedlyreferring to
it. In this chapter, we take a look at previousmethods that have beenusedto re°ect
the syntax. We alsodiscussmore related work in Section4.9.

In 1931GAdelusedre®ection to prove his famousincompletenessheorem[35]. To
expressarithmetic in arithmetic itself, he assigneda unique number (a Gédelnumker)
to ead arithmetic formula. A Gédel number of a formula is essetially a numeric
code of a string of synmbols usedto represemn that formula.

A modern versionof the GAdel's approad wasusedby Aitk enet al. [7,2,3,18 to
implemert re°ection in the NuPRLtheorem prover [19,4]. A large part of this e®ort
was essetially a reimplemernation of the core of the NUPRL prover inside NuPRLSs
logical theory.

In GAdel's approad and its variations (including Aitk en's one), a generalmed-
anismthat could be usedfor formalizing one logical theory in another is applied to
formalizing a logical theory in itself. This canbe very corveniert for reasoningatout
re°ection, but for our purposesit turns out to be extremely impractical. First, when
formalizing a theory in itself using genericmeans,the idertities betweenthe theory
being formalized and the one in which the formalization happens becomevery ob-

fuscated,which makesit almostimpossibleto relate the re°ected theory bad to the
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original one. Second,when one has a theorem proving systemthat already imple-
menrts the logical theory in question, creating a completely new implemertation of
this logical theory inside itself is a very tedious redundart e®ort. Another practical
disadwantage of the GAdel numbers approad is that it tendsto blow up the size of
the formulas; and iterated re°ection would causethe blow-up to be iterated as well,
making it exponertial or worse.

A much more practical approad is being usedin someprogramming languages,
such as Lisp and Stheme. There, the commonsolution is for the implemertation to
expse its internal syntax represemation to user-le\el code by the quote constructor
(where quote(t) preverts the evaluation of the expressiont). The problemsoutlined
above aresolvedinstantly by this approad: thereis no blow-up, thereis no repetition
of structure de nitions, there is even no needfor verifying that the re°ected part is
equivalent to the original implemertation since they are identical. Most Steme
implemertations take this even further: the eval function is the internal function for
ewvaluating a Sthemeexpressionwhich is exposedto the userlevel; Smith [57] shaved
how this approad can adchieve an in nite tower of processors. A similar language
with the quotation and antiquotation operatorswasintroducedin [3§].

This approad), however, violates the congruene property with respectto compu-
tation: if two terms are computationally equal then one can be substituted for the
other in any context. For instance,although 2a2 is equalto 4, the expressionsg 2*2"
and \ 4" are syntactically di®eren, thus we cannot substitute 4 for 2*2 in the ex-
pressionquote(2*2) . The congruenceproperty is essetial in many logical reasoning
systems,including NuPRLand MetaPRL

A possibleway to exposethe internal syntax without violating the congruence
property is to usethe so-calledquoted or shifted operators [1, 13, 14] rather than
guoting the whole expressionat once. For any operator op in the original language,
we add the quotal operator (denoted as popqg) to represemn a term built with the
operator op. For example,if the original languagecontains the constart \0" (which,
presumably represeis the number 0), then in the re°ectedlanguage p0q would stand

for the term that denotesthe expression0". Generally the quoted operator hasthe
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samearity asthe original operator, but it is de ned on syntactic terms rather than
on semarnic objects. For instance, while @ is a binary operator on numbers, paq is
a binary operator on terms. Namely, if t; and t, are syntactic terms that stand for
expression®; and e, respectively, then t,peqt, is a newsyntactic term that standsfor
the expressiore; ae,. Thus,the quotation of the expressionla2 would be plq paq p2g.

In general,the well-formednesgtyping) rule for a quoted operator is the following:

t;1 2 Term cee th, 2 Term
popgfty; ¢¢C;t,g 2 Term

(2.1)

where Termis a type of quoted terms. The requiremern that the arity of op be n
is implicit|since a quoted operator hasthe samearity asthe original operator, the
assumptionis that the systemwill simply disallov typing something of the wrong
arity.

Note that quotations can be iterated arbitrarily many times, allowing usto quote
guoted terms. For instance, pplqq stands for the term that denotesthe term that

denotesthe numeral 1.

Formalizing Languages with Bindings

Problemsarisewhenquoting expressionghat contain binding variables. For example,
what is the quotation of ,x: x? There are seeral possibleways of answering this
guestion. A commonly usedapproad [52, 25,24, 8, 9] in logical frameworks sud as
Elf [51], LF [39], and Isakelle [49,50Q] is to construct an object logic with a concrete
p, q operator that hasa type like

(Term! Term)! Term or (Va! Term)! Term

In this approad, the quoted ,x: x might look like p, q(,x: x) and the quoted ,x: 1
might look like p, q(,x: plqg): Note that in theseexamplesthe quoted terms have to

make useof both the syntactic (i.e., quoted) operator p, g and the semaric operator
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Exotic Terms. Nalve implemertations of the above approad su®erfrom the
well-known problem of exotic terms [22,24]. The issueis that in generalwe cannot
allow applying the p, g operator to an arbitrary function that mapsterms to terms
(or variablesto terms) and expect the result of sud an application to be a \prop er"
re°ected term.

Considerfor examplethe following term

p, q(,x: if x = plq then plq else p20Q):

It is relatively easyto seethat it is not a real syntactic term and cannot be obtained
by quoting an actual term. (For comparison,considerp, q(,x: pif g x p=q plq pthen
g plq pelseq p2q), which is a quotation of x: if x = 1then 1 else 2).

How can one ensurethat p, ge denotesa \real” term and not an \exotic" one?
That is, is it equalto the result of quoting an actual term of the object language?
One possibility is to require e to be a substitution function; in other words it hasto
be equalto an expressionof the form x: t[x] wheret is composedertirely of term
constructors (i.e., quoted operators) and x, while using destructors (such as case
analysis,the if operator usedin the exampleabove, etc.) is prohibited.

There are a number of approadies for enforcing the above restriction. One of
them is the usageof logical frameworks with restricted function spaceqd52, 39|, where
, -terms may cortain only constructors. Another is to rst formalize the larger type
that doesinclude exotic terms and then to de ne recursiwely a predicate describing
the \validity" or \w ell-formedness'of a term [25,24] thus removing the exotic terms
from consideration. Yet another approad is to createa specializedtype theory that
combinesthe ideaof restricted function spaceswith a modal type operator [28,26,27).
There the caseanalysisis disalloved on objects of \pure" type T, but is allowed on
objects of a specialtype| T. This allows expressingooth the restricted function space
\T,; ! T," andthe unrestricted one\( | T;) ! T," within a singletype theory.

Another way of regarding the problem of exotic terms is that it is causedby

the attempt to give a semartic de nition to a primarily syntactic property. A more
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syntax-oriented approad was used by Barzilay et al. [15,16,14]. In Barzilay's ap-
proad, the quoted version of an operator that introducesa binding has the same
shap (i.e., the number of subterms and the binding structure) as the original one
and the variables (both the binding and the bound occurrences)are una®ectedby
the quotation. For instance,the quotation of ,x: X is just p, gx: X.

The advantagesof this approad include

2 This approad is simple and clear.

2 Quoted terms have the samestructure asoriginal ones,inheriting a lot of prop-

erties of the object syntax.

2 In all the above approades,the ®-equivalencerelation for quotedtermsis inher-
ited \for free." For example,p, gx: X and p, qy:y are automatically considered

to be the sameterm.

2 Substitution is also easy: we do not needto reimplemert the substitution that
renamesbinding variablesto avoid the capture of free variables;we can usethe

substitution of the original languageinstead.

To prune exotic terms, Barzilay says that p, gx: t[x] is a valid term when x: t[x] is
a substitution function. He demonstratesthat it is possibleto formalize this notion
in a purely syntactical fashion. In this setting, the generalwell-formednessule for

quoted terms with bindings is the following:

is_subst f xq; ¢¢¢; X, : t[*]g ¢ee is.substf zy; ¢¢¢; z: s[Z]g
popdf Xq; 6CC¢; Xy t[*]; ¢CC; z5;¢CC; z:s[Z]g 2 Term

(2.2)

whereis_subst, f x1; ¢¢¢C; X,,: t[*¥]g is the proposition that t is a substitution function

cate of [25,24]). This proposition is de ned syrtactically by the following two rules:

is.subst, fxq; ¢¢C; X1 Xig



16

and

IS subst+ i fX1; CCC; X, ; y1; CCC; v t[%; ¥lg

is.subst| fXq; ¢¢C; Xp; Z1; €¢C; 72 S[*; Z]g

Is_subst, f xq; ¢¢C; X, : popaf y1; €CC; vy tp%; ¥]; €¢¢; zy; €CC; z: S[*; Z]lgg

In this approad the issubst fg and p, g operators are essetially untyped (in
NuPRLtype theory, the computational properties of untyped terms are at the core of
the semartics; typesare addedon top of the untyped computational system).

Recursiv e De nition and Structural Induction Principle. A ditculty
sharedby both the straightforward implemertations of the (Term! Term)! Term
approad and by the Barzilay's oneis the problem of recursiwely de ning the Term
type. We want to de ne the Term type as the smallest set satisfying rules (2.1)
and (2.2. Note, howewer, that unlike rule (2.1, rule (2.2) is not monotonic in the
sensethat is_subst f xy; ¢¢¢C; X, : t[¥]g depends nonmonotonically on the Term type.
For example,to say whetherp, gx: t[x] is a term, we should chedk whethert is a sub-
stitution function over x. It meansat leastthat for every x in Term t[x] shouldbein
Termaswell. Thus we needto de ne the whole type Term beforeusing (2.2), which
producesa logical circle. Moreover, sincep, g hastype (Term! Term) ! Term it
is hard to formulate the structural induction principle for terms built with the p, q
term constructor.

Variable-Length Lists of Binders. In Barzilay's approad, for each number
n, is.subst f g is consideredto be a separateoperator|there is no way to quartify
over n, and there is no way to expressvariable-length lists of binders. This issue
of expressingthe unbounded-lengthlists of bindersis commonto someof the other
approathesaswell.

Metareasoning. Another ditcult y that is especially apparen in Barzilay's ap-
proad is that it only allowsreasoningabout concrete operatorsin concretelanguages.
This approat does not provide the ability to reasonabout operators abstactly; in

particular, thereis no way to state and prove metatheoremsthat quartify over oper-
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ators or languagesmuch lessclassesof languages.

Although it is possibleto solve the problemsoutlined above (and we will return to
the discussionof someof those solutionsin Section/4.9), our desireis to avoid these
dixculties from the start. We proposea natural model of re°ection that managesto
work around thesedizculties. In the next two chapters, we will shav how to give a
simplerecursive de nition of terms with binding variables,which dces not allow the

construction of exotic terms and does allow structural induction on terms.
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Chapter 3

A Hybrid HO AS/de Bruijn
Representation of the Syntax

As discussedn the previous chapter, represeting syntax with bindings is hard. In
the following two chapters, we proposea new approad to re°ective metareasoning

about languageswith bindings. We presert a theory of syntax that:

2 in anatural way providesboth a higher-orderabstract syntax (HOAS) approadt
to bindings and a de Bruijn-style approad to bindings, with easyand natural

translation betweenthe two;

2 providesa uniform HOAS-style approad to both bound and free variablesthat

extendsnaturally to variable-length\v ectors" of binders;

2 permits metareasoningabout languages|in particular, the operators,languages,
open-endedlanguages,classesof languagesetc. are all rst-class objects that

can be reasonedabout both abstractly and concretely;

2 comeswith a natural induction principle for syntax that can be parameterized

by the languagebeing used;

2 provides a natural mapping betweenthe object syntax and metasyrax that is
free of exotic terms, and allows mapping the object-level substitution operation

directly to the metalewel one (i.e., -reduction);

2 s fully derivedin a preexistingtype theory in a theorem prover;



19
2 js designedo sere asa foundation for a generalre®ective reasoningframework

in a theorem prover;

2 js designedto serwe as a foundation for a programming languageexperimerta-

tion framework.

In this chapter we provide a conceptualoverview of our approady; details are givenin
the next two chapters. We will shov how we dealwith concreteoperatorsand abstract

operators, and how we inductively de ne the type of all well-formed re°ected terms.

3.1 Bound Terms

One of the key ideas of our approad is how we deal with terms cortaining free
variables. We extend to free variablesthe principle that variable namesdo not really

matter. In fact, we model freevariablesasbindingsthat canbe arbitrarily ®renamed.

For example,instead of term xpaqy we will usethe term bternf x; y: xpagyg when it
is consideredover variablesx and y and bternt x; y; z: Xxpegyg when it is considered
over variables x, y and z. Free occurrencesof X; in t[x¥] are consideredbound in
bternt x,; ¢¢¢; x,,: t[x]g and two ®-equal btermfg expressiong\bterms") are consid-
eredto beidentical.

Not ewery bterm is necessarilywell-formed. We will de ne the type of terms in
suc a way asto eliminate exotic terms. Considerfor examplea de nition of lambda-

terms.

Example 3.1: De ne a setof re°ected lamhda-terms as the smallest set suchthat
2 pternt xy; ¢¢C; X,,:X;g, wherel - i - n,is alambda-term (a variable);

2 if btermf xy; ¢¢C; Xy ; Xn+1 - t[¥]g is a lambda-term, then

btermf x; ¢¢¢; X,: P, OXn+1 - t[X]0

is alsoa lambda-term (an abstraction);
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2 if btermf x; ¢¢¢; x,,: t1[¥]g and bternt x4; ¢¢¢; X,,: t,[%]g are lambda-terms, then

btermf x1; ¢¢¢; x,,: papphyaf t1[x]; to[%]gg

is alsoa lambda-term (an application).

In away, bterms could be understood asan explicit coding for Barzilay's substitution
functions. And indeed, someof the basicde nitions are quite similar. The notion of

bterms is alsovery similar to that of local variable contexts [32].

3.2 Terminology

Before we proceedfurther, we needto de ne someterminology.

De nition 3.1: We changethe notion of subterm so that the subtermsof a bterm
are also bterms. For example, the immediate subtermsof bternt x; y: xpagyg are
bternt x; y: xg and bternt x; y: yg; the immediate subtermof bternf x: p, qy: xg is
bternt x; y: xg.

De nition  3.2: We call the numker of outer bindersin a bterm expressionits bind-

ing depth. Namely, the binding depth of the bterm bternt x; ¢¢¢; x,,: t[*]g is n.

De nition  3.3: Throughout the rest of the thesis we use the notion of operator
shape. The shape of an operator is a list of natural numkers each stating how many
new bindersthe operator intr oduaes on the correspnding subterm. The length of the
shape list is therefore the arity of the operator. For example,the shag of the +

operator is [0;0] and the shap of the , operator is [1].

The mapping from operators to shapesis also sometimescalled a binding signature

of a language[32, 54].

De nition 3.4: Leth beasha of [dy; ¢¢¢; dy ], andlet| be alist of bterms[by; ¢¢¢; by ].
We saythat | is compatible with h at depthn when
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2. the binding depth of bterm 3 isn+ d, foreaci1- j - N.

3.3 Abstract Op erators

Expressionsof the form bternt x: popqf¢ ¢¢gg can only be usedto expresssyntax with
concrete operators. In other words, eah expressionof this form cortains a speci ¢
constart operator popg. However, we would like to reasonabout operatorsabstractly;
in particular, we want to make it possibleto have variables of sometype \ O" that
can be quarti ed over and usedin the samemanner as operator constarts. In order
to addressthis we useexplicit term constructorsin addition to btern¥ x: popgf¢ ¢¢gg
constarts.

The expressionBf n;\ popq"; btlg, where\ popg" is someencaling of the quoted
operator popg, standsfor a bterm with binding depth n, operator popg and subterms
btl. Namely,

Bf n; popq; btermf xq; ¢¢¢; X, ; ya:t1[*; ya]g :: ¢¢¢::
btermf xy; ¢CC; X ; Yr: te[*; ¥x]g :: nil g

btermf x; ¢C¢C; X,,: popdf ya: t1[*; yal; ¢CC; wr: ti[%; ¥x]09:

Here, nil is the empty list and :: is the right-assaiative list cons operator and
thereforethe expressionb, :: ¢¢¢:: by, :: nil represets the concretelist [by; ¢¢¢; b,].
Note that if we know the shape of the operator op and we know that the B
expressions well-formed (or, more speci cally, if we know that btl is compatible with
the shape of op at depth n), then it would normally be possibleto deducethe value
of n (sincen is the di®erencebetweenthe binding depth of any elemen of the list bl
and the correspnding elemen of the shape(op) list). There aretwo reasonshowe\er,

for supplying n explicitly:

2 When btl is empty (in other words, when the arity of op is 0), the value of n

cannot be deducedthis way and still needsto be suppliedsomehav. One could
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considerO-arity operatorsto be a special case,but this resultsin a signi cant

lossof uniformity.

2 When we do not know whether a B expressionis necessarilywell-formed (and
aswe will seeit is often usefulto allow this to happen), then a lot of de nitions
and proofs are greatly simpli ed when the binding depth of B expressionss

explicitly speci ed.

Using the B constructor and a few other similar constructorsthat will be introduced
later, it becomeseasyto reasonabstractly about operators. Indeed, the secondar-
gumert to B can now be an arbitrary expression,not just a constart. This has a
costof making certain de nitions slightly more complicated. For example,the notion
of \compatible with sh at depth n" now becomesan important part of the theory
and will needto be explicitly formalized. Howewer, this is a small price to pay for
the ability to reasonabstractly about operators, which easily extendsto reasoning

abstractly about languagesclassesf languagesand so forth.

3.4 Inductiv ely De ning the Type of Well-F ormed
Bterms

There are two equivalert approadiesto inductively de ning the generaltype (set) of

all well-formed bterms. The rst onefollows the sameidea asin Example3.1

2 btermf xq; ¢¢¢; x,: X;g is a well-formed bterm for 1 - i - n;

2 Bfn;op;btlg is a well-formed bterm when op is a well-formed quoted operator
and btl is a list of well-formed bterms that is compatible with the shape of op

at somedepth n.

If we denotebtermf xy; ¢¢¢; X,;y; z1; ¢¢¢; z.: yg as Vfl; rg, we canrestatethe basecase
of the above de nition as\Vfl;rg, wherel and r are arbitrary natural numbers,is a

well-formed bterm." Oncewe do this it becomesapparert that the above de nition
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has a lot of similarities with de Bruijn-style indexing of variables[23]. Indeed, one
might call the numbers| and r the left and right indices of the variable Vfl;rg.
It is possibleto provide an alternate de nition that is equivalert to the de nition

above, but is closerto pure HOAS. We de ne the following terms.

2 pXx:t[x], wheret is a well-formed substitution function, is a well-formed bterm
(the , p, operation increasesthe binding depth of t by one by adding x to the

beginning of the list of t's outer binders).

2 Tfop; btlg, whereop is a well-formed quoted operator, and btl is a list of well-
formed bterms that is compatible with the shape of op at depth 0, is a well-

formed bterm (of binding depth 0).

Other than better capturing the idea of HOAS, the latter de nition also makes it
easierto expressthe re°ective corresppndencebetweenthe metasyrtax (the syrntax
usedto expressthe theory of syntax, hamely the onethat includesthe operators B,
. b €tc.) and the meta-metasynax (the syntax that is usedto expressthe theory
of syntax and the underlying theory, in other words, the syntax that includesthe
second-ordemotations.) Namely, provided that we de ne the subst bt; tg operation
to compute the result of substituting a closedterm t for the rst outer binder of the

bterm bt, we can state that
subst, x:t1[x];t2g $ tyfto] (3.1)

wheret; andt, areliteral second-ordewrariables,and$ isthe computational equality
relatiorﬁ. In other words, we can state that the substitution operator substand the
implicit second-ordersubstitution in the \meta-metalanguage”are equivalert.

The downside of the alternate de nition is that it requiresde ning the notion of

\b eing a substitution function."”

LComputational equality meansthat whena $ bis true, a may be replacedwith bin an arbitrary
context. Examplesinclude beta-reduction x: t[x]y $ t[y], arithmetical equalities(1+ 2$ 3), and
de nitional equality (an abstraction is consideredto be computationally equalto its de nition).
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3.5 Our Approac h

In our work we combine the advantagesof both approadesoutlined above. In the next
chapter we presen atheory that includesboth the HOAS-style operations(, », T) and
the de Bruijn-style ones(V, B). Our theory alsoallows deriving the equivalence(3.1).
In our theory the de nition of the basic syntactic operationsis basedon the HOAS-
style operators; howewer, the recursive de nition of the type of well-formed syntax
is basedon the de Bruijn-style operations. Our theory also includes support for

variable-length lists of binders.
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Chapter 4

Formal Implemen tation of the
Syntax in a Theorem Prover

In the following two chapters we descrike how the syntax theory is formally de ned
and derivedin the NuPRL:style Computational Type Theory in the MetaPRLTheorem
Prover. In this chapter we dewelop the represetation for simple terms, and then we
extend it to sequem judgmerts in the next chapter. For brevity, we will present a

slightly simpli ed versionof our implemertation; full details are available in [42].

4.1 Computations and Types

In our work we make heary usageof the fact that our type theory allows usto de ne
computationswithout stating upfront (or even knowing) what the relevant typesare.
In NuPRL:style type theories(which someeven dubbed \untyped type theory”), one
may de ne arbitrary recursive functions (evenpotentially nonterminating ones). Only
when proving that sud function belongsto a particular type, onemay have to prove
termination. SeeAllen [5,6] for a semartics that justi es this approad.

The formal de nition of the syntax of terms consistsof two parts:

2 The de nition of untyped term constructors and term operations, which in-
cludes both HOAS-style operations and de Bruijn-style operations. We can
establishmost of the reduction properties without explicitly giving typesto all

the operations.
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2 The de nition of the type of terms. We will de ne the type of terms as the
type that contains all terms that can be legitimately constructed by the term

constructors.

4.2 HOAS Representation

At the coreof our term syntax de nition are two basic HOAS-style constructors.

2 pX:t[x]ismeart to represemn a quotedterm with afreevariablex. The intended
sematics (which will not becomeexplicit until later) is that , px: t[x] will only

be consideredwell-formed whent is a substitution function.

Internally, , pX: t[x] is implemerted simply as the left injectio of a lambda

abstraction.
,pXtx] = inlf x: t[x]g

This de nition is abstract and is usedonly to prove the properties of the two

destructorspresened below; it is never usedoutsideof this section(Section4.2).

2 Tfop;tsg represets a closedquotedterm (i.e., a bterm of binding depth 0) with
operator op and the list of subtermsts. It will be consideredwell-formedwhen
op is an operator and ts is a list of terms that is compatible with the shape of

op at depth 0. For example, Tfp, q; [, pX: X]g IS p,X: XQ.

Internally, Tfop;tsg is implemerted asthe right injection of a pair of the oper-

ator and the list of subterms.
Tfop;tsg = inrfhop;tsig

Again, this de nition is newer usedoutside of this section.

1The left injection of a, inlfag, is an elemen of some union type A [ B, if a has type A.
Similarly, the right injection of b, inrfbg, is also an element of A[ B, if b has type B. The
decide x;y:t1]y]; z: t2[z]g term decidesthe handednesf the term x in A[ B, for which we usually
useits pretty form \ matc h x with inlfyg! t.[y]jinrfzg! t,[z]."
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We alsoimplemert two destructors:

2 subst bt; tg (with shorthandbt@t) is meart to represem the result of substituting

term t for the rst variable of the bterm bt. Internally, subst bt; tg is de ned as

substbt;tg := matc h bt with
jinfffg! ft
jinrfho;sig ! 2

where the symbol 2 is usedto denote a dummy or error term. That is, a

substitution is de ned only for binders.

We derive the following property of this substitution operation:

(oxtixD@, $ tifty]

where $ is the computational equality relation and t; and t, are completely
arbitrary, perhapsewen ill-t yped. This derivation is the only place where the

internal de nition of subsft bt;tg is used.

Note that the above equality is exactly the \re°ectiv e property of substitution”

(3.1 that wasone of the designgoalsfor our theory.

2 weakdestf bt; bcase op; ts: mkt_casdop; ts]g is the destructor designedio provide
away to nd out whetherbtisa,,_ term or a Tfop;tsg term and to \extract"
the opandts in the latter case.In the rest of this thesiswe will usethe \prett y-

printed” form for weakdesf\ matchbt with [, ! bcasej Tfop;tsg !
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roo= x “rst-order variables
j o z[rq; ¢CC;ry] second-ordemeta-variables
] Tfpopq;[ry; ¢C¢;ry]g re°ectedterms
jooLpXir binding
j irpar re°ected sequeis

ir = o CCC; o re°ected sequen cortexts

g = X[rq;¢C¢;ry] cortext meta-variables
joxir hypothesisbinding

Figure 4.1: Re’ected terms in HOAS form

mkt_casdop; ts]." We also derive the following properties of weak dest

0 1
matc h , px: t[x] with

%,b_! bcase §$ bcase

j Tfop;tsg! mkt_casqop;ts]

0 1
matc h Tf op; tsg with

% .b-! brase §$ mkt_casdop; ts]
j Tfotg! mkt_casqo; ]

Figure 4.1 shaws the set of term represemativ esthat are usedto represem re-
°ected terms in HOAS form. This includesthe usual rst-order, second-orderand
corntext variables. It alsoincludesthe two new term represemativeswe introduced:

Tfpopq; [r1; €¢¢; r,]g which represeis a re°ectedterm with operator op and subterms

Sequets are showvn in Figure [4.1 for reference. Howewer, quoted sequets are
treated asnoncanonicalforms. That is, sequets are eliminated from the represeta-

tion through an appropriate coding, aswill be discussedn Chapter|6.
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4.3 Vector HOAS Operations

As we have mertioned at the end of Chapter 2, someapproadiesto reasoningabout
syntax make it hard or evenimpossibleto expressarbitrary-length lists of binders. In
our approad, we addressthis challengeby allowing operators wherea single binding

in the metalanguagestandsfor a list of object-level bindings. In particular, we allow

where\nthfl;ig" is the \ith elemen of the list I" function.

We de ne the following vector-style operations:

2 vbnd n; x: tﬁg represets a \telescope" of nested, , operations. It is de ned

by induction? on the natural number n as follows:

vbnd 0;x: t[x]g

t[nil ]

vbnd n + 1;x: t[x]g , pv:vbnd n; x: t[v :: x]g
We also introduce vbnd n;tg as a simpli ed notation for vbnd n; x: tg when't

doesnot have free occurrencesof x.

2 ysubst bt; tsg is a \v ector” substitution operation that is meart to represen the
result of simultaneous substitution of the terms in the ts list for the rst jtsj
variables of the bterm bt (here jlj is the length of the list I). It is de ned by

induction on the list ts as follows:

vsubst bt; nil g bt

vsubstbt;t :: tsg vsubst bt@t; tsg

20ur presernation of the inductiv e de nitions is slightly simpli'ed by omitting someminor tech-
nical details. SeeAppendix B for complete details.
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Below are someof the derived properties of theseoperations

,ovit[vl$ vbnd 1;1:hd(l)g (4.1)
i ¢
8m;n 2 N: 'vbnd m + n;x:t[x]Jg$ vbnd m;y:vbnd n;z:tly} z]gg (4.2)

8l 2 List : (vsubstvbndijlj;v:t[vlg;lg$ t[l]) (4.3)
8l 2 List :8n2 N:'n_ jlj)
- ¢ (4.4)
(vsubstvbnd n;v:t[vlg;1g$ vbndnj jlj;v:t[l} v]g)
i ¢
8n 2 N: 'vbnd n;l:vsubstvbnd n; v:t[v]lg;lgg$ vbnd n;l:t[l]g (4.5)

where\hd" is the list \head" operation, \} " is the list append operation, \ List "
is the type of arbitrary lists (the elemens of a list do not have to belongto any
particular type), N is the type of natural numbers, and all the variablesthat are not
explicitly constrainedto a speci ¢ type stand for arbitrary expressions.
Equivalence (4.2 allows the merging and splitting of vector bind operations.
Equivalence(4.3) is a vector variant of equivalence(3.1). Equivalence(4.5 is very
similar to equivalence(4.3) applied in the vbnd n;l: ¢¢&y context, exceptthat

doesnot require| to be a member of any special type.

4.4 de Bruijn Represen tation

As mertioned in the introduction, de ning an induction principle for the HOAS rep-
resenation canbedixcult. The issueis how to dealwith bindings. In this sectionwe
dewelop a de Bruijn represemation that is computationally equivalert to the HOAS
represemation. This will then lead usto a type de nition and induction principle.
The deBruijn represetation introducestwo new constructorsbasedon the HOAS

constructorsde ned in the previoustwo sections.

2 The term Vfl;rg represems a variable; the natural number | is called the left

3Note that all the proofs of these properties are carried out formally in the MetaPRL system.
The completelist of theoremswe derived can be found online at [42)].
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binding index, and r the right binding index It is de ned as

Vil;rg := vbndl;, pv:vbndr;vgg:

We can seethat this de nition indeedcorrespndsto the informal
btermf x4; ¢¢¢; X;y; z1; ¢¢¢; z,: yg de nition givenin Section3.4. A variable acts

asa selector,with the following equivalence.

VIl rg@t, @eee@t .y @CCCat 41 $ ti+1

We can derive the following equivalencesfor variables.

X Vflirg $ VElL+ 1;rg
ViO;rga@t $ t
Vil + Lirgat $ Vfl;rg

The term Bf n; op; tsg is calleda bound term. It is meart to computea bterm of
binding depth n, with operator op, and with ts asits subterms. This operation

is de ned by induction on natural number n as follows.

Bf O;0p; tsg Tfop;tsg

Bfn+ 1;0p;tsg . pVv: Bfn;op;map .t: t@v tsg

Informally,

Bfn;op; [s1;¢¢¢;Sp]g $  , pXal G0C:, pX,: TTop; [51@X; @CEEAX,;
¢oe;
Sm @X; @CCC@X,]0:

The two comnutativit y properties below indicate the computational behavior
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of the bound terms.

Bfn + 1;0p;[s1; ¢¢¢; sm]g@ $ Bfn;op;[s;@ ; ¢¢¢; s, @19

(subst-comnutes)

, oX: Bfn; op; [s1[X]; ¢¢¢; sy [x]lg $ Bfn + 1;0p;[, pX: s1[X]; ¢6C; , uX: Sm[X]lQ

(bind-commutes)

The subst-comnutes property indicates that to substitute into a bound term,
the substitution should be applied to ead of the subterms. Note that an outer

binder is removed as well.

The bind-commutes property de nesthe corversionto de Bruijn represetation,
which is obtained by \pushing" all binds inward asfar aspossible.For example,

considerthe following term fragmert, shavn rst in informal HOAS notation.

p,z :match z with inlfxg! xjinfyg! zq

To write it formally, we choosethe operator lambdafor , , and decidefor matc h,

which givesthe following concreterepresemation.

plambdaf z: decidé z; x: X; y: zgoq

By de nition of Tf; ,g we obtain the following term in HOAS form, with binders

in the expected positions.

Tf plambdaq; [, pz: Tf pdecidey; [z; , pX: X; , pY: Z]g]g

This term is equivalert to the following term in de Bruijn form by de nitions

of Bf ; a; ngd Vf;,g with the binder pushedinwards.

Bf 0; plamidag; [Bf 1; pdecidey; [Vf 0;0g; Vf 1;0g; Vf 0; 1g]g]g
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The above HOAS and de Bruijn forms are computationally equivalert. In a
metalogic like computational type theory, where computational equivalenceis
a congruence,the two forms are formally equivalert in all cortexts and can
be interchangedat will. The HOAS form corresmpnds closelyto the original

expressionwhile the de Bruijn form is variable free.

de Bruijn-st yle Destructors

We alsode ne a number of de Bruijn-style destructors, i.e., operationsthat compute
various de Bruijn-style characteristics of a bterm. Sincethe V and B constructors
are de ned in terms of the HOAS constructors, the destructors have to be de ned
in terms of HOAS operations as well. Becauseof this, thesede nitions are often far
from straightforward.

It is important to emphasizethat the tricky de nitions that we usehereare only
neededto establishthe basicproperties of the operationswe de ned. Oncethe basic
theory is complete, we can raise the level of abstraction and no usageof this theory
will ever require using any of these de nitions, being aware of these de nitions, or

performing similar tricks again.

2 bdepth tg computesthe binding depth of term t. It is de ned recursiwely using

the Y combinator.

0 1
,f :,b: matc h bwith
Y% ,b- ! 1+ f (b@rf ptrueg; nil g)¢ t
JTf;g! O

In e®ect,this recursiwe function strips the outer binders from a bterm one by
oneusing substitution (note that herewe canusean arbitrary T expressiorasa
secondargumert for the substitution function; the argumens to T do not have
to have the \correct" type) and courts the number of times it needsto do this

beforethe outermost T is exposed.
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Informally,

bdeptHftg := matcht with
jinlffg! bdepthff 2g + 1
jinrfho;sig! O:

We derive the following properties of bdepth

8l;r 2 N:(bdepthf Vfl;rgg$ (I +r + 1))
8n 2 N: (bdeptH Bf n; op;tsgg$ n)

Note that the latter equivalenceonly requiresn to havethe \correct" type, while
op and ts may be arbitrary. Sincethe bdepthoperator is neededfor de ning the
type of well-formed bterms, at this point we are not yet able to expresswhat

the \correct" type for ts would be.

leftf tg is designedto compute the \left index" of a V expression.lIt is de ned

as 0 1
Jf1,b: .n: matc h bwith
Y% p-! 1+ f (b@Tfn;nil g(n+ 1)CtO:
jTfn% g! n°

In e®ect,this recursive function substitutes Tf O;nil g for the rst binding of t,
Tf1;nil g for the secondone, Tf2;nil g for the next one, and so forth. Once
all the bindersare strippedand a Tfn;nil g is exposed,n is the index we were
looking for. Note that here we intentionally supply T with an argumert of a
\wrong" type (N instead of the operator type); we could have avoided this, but

then the de nition would have beensigni cantly more complicated.

As expected, we derive that

8l:r 2 N:(leftf Vfl:rgg $ 1)
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2 rightftg computesthe \right index" of a V expression.It is trivial to de ne in

terms of the previoustwo operators.

rightftg := bdepthftg; leftftg; 1

2 subterms$tg is designedto recover the last argumen of a B expression. The
de nition is rather technical and complicated. We rst de ne the number of

subtermsof a term.

0 1
,f 1,b: matc h bwith
numsubtermsftg := Y% cb-! T (b@Tf ptrueg; nil g)¢ t
JTEIg! jlj

Then we computethe nth subterm of a term.

0 1
,f :,b: matc h bwith

nth _subtermft;ng := Y% oo pvif (b@v) Ct
j Tf;lg! nthfl;ng

The de nition for subtermsof a term follows trivially .
subterm$tg := loffi: nth _subtermft;ig; numsubtermsftgg
where

loffi: f[il;ng = [f[O];¢¢¢;f[nj 1]]

The main property of the subtermsoperation that we derive is

8n 2 N: 8ts 2 List :

(subterm§Bf n; op;tsgg$ map (,b: vbnd n;v: vsubst b vgg) ts) :
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The right-hand side of this equivalenceis not quite the plain \ts" that one
might have hopedto seehere. Howewer, whents is a list of bterms with binding
depthsat leastn, which is necessarilythe casefor any well-formed Bf n; op; tsg,

equivalence(4.5) will allow simplifying this right-hand sideto the desiredts.

2 getoff t; opg is an operation sud that

8n 2 N:(getod Bf n; op; tsg;opy $ op)
and  8l;r 2 N:(getod Vfl;rg;opg$ op):

Its de nition is similar to that of leftfg.

2 jsvaftg decideswhether a bterm isa V or a B. It is de ned as

isvaftg := getodt;ptrueqg 6 getodt; pfalseyg:

2 destbtermft;l;r:vcasdl;r]; d; op; ts: op_casdd; op; ts]g is designedto extract all
the componerts of the de Bruijn-lik e represetation of a bterm. In the rest of
this thesiswe will usethe \prett y-printed” form for destbterm\ matc h t with

Vfl;rg! vcasdl;r]j Bfd;op;tsg! op.casdd;op;ts]". It is de ned as

if isvaftg then vcasdleftftg;rightftg]
else op_casdbdeptlf tg; getof t; 2g; subtermstg]:

It shouldbe noted that the de Bruijn represetativesVfn; mg and Bf n; o; sg and the
correspnding destructorsare de ned in terms of the HOAS operations. They do not
add any additional properties that were not already provable in the metalogic|in
other words, the extensionis consenative. In our implemertation, all equivalences

have beenformally veri ed.
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4.5 Operators

The type O of operatorsis de ned abstractly. We only require that operators have
decidableequality and that there exist a function of typeO ! N list that computes
operators'shapges The term shapef opg represetts a list of natural numbersspecifying

the binding arities of the correspnding subterms. The following are someexamples.

shapf plambdagg = [1]
shapef pletqg = [0;1]
shapf paddig = [0;0]

shapef pdecidgg = [0;1;1]

4.6 The Type of Re°ected Terms

Naturally, sincewe wish to reasonabout programsin type theory, we should give a
type that speci esthe collection of re°ected terms. For this we rely on the function
image type, originated by Nogin and Kopylov [46. The image type has the form
Imgf A; x: f [x]g where f [x] is an arbitrary function, A is its domain, and the type
includesexactly thoseterms f [a] for ead a2 A.

While it would be straightforward to de ne a type cortaining all de Bruijn-style
terms, we plan to be a bit more careful and include only those where the binding
depths are \sensible." For example,supposeour languagecortains a term called let

with the expectedform.

plet x = t; in ty[x]q
$
plet ft4; x: t2[x]gq
$
Tt pletq; [pt1q; , pX: pt2[x]alg
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Typ e de nitions

donfTg := NoN+ (8§n:N:80: O:fs: T list j compatiblén; shagf og; sgg)*
f(t) := matchtwith inlfhn;mig! Vfn;mgjinrfhn;o;sig! Bfn;o;sg
To := void
Ti+1 = Imgfdomf T;g; x: f (X)g
S
BTerm = ,,\Ti

Depth compatibilit y
compatiblén;s;tg:= 8i 2, fO:jtji 1g: bdeptHf nthft;igg= n + nthfs;ig®

Figure 4.2: De nition of the type BTerm

The rst equivalenceholdsbecausad let x = t; in ty[x]" isjust the pretty-printed form
of \let fty;x: t5[x]g." In this case,the term Tf pletq; [pt1q; , pX: pt2[x]qlg makes sense
only if the subterm , pX: pt,[x]q cortains exactly one more binder than the subterm
pt:g. In other words, for any re°ected term Bf n; pletq; [r1;r2]g we require that the

binding depths are well-formed.

n

bdeptH rig

n+ 1

bdeptH r,g

We de ne the type BTerm of re°ected terms in Figure 4.2 In this formulation,
the function f (t) producesa variable or bound term in de Bruijn form. The type T;
represems a quoted term tree with maximal subterm depth i. Finally, the desired
type BTermis the type of all term treeswith nite depth; it cortains all expressions

of the forms:

2 Vfi;jgfor all natural numbersi; j; and

4The dependert product §x: A: B[x] is a spaceof pairs where A is a type, and B[x] is a family
of typesindexed by x 2 A. The elemers of the product spaceare the pairs ha;b, wherea2 A and
b2 BJal.

58x 2. I: T[x] represeits that for ead elemert x of the list I, T[x] holds. Similarly, 9x 2 I: T[x]
de nes the existertial quanti er for lists.
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2 Bfn;op;tsg for any natural number n, operator op, and list of terms ts that is

compatible with shapef opg at depth n.

We derive the intended introduction rules for the BTermtype:

i2N j2N_
Vfi;jg2 BTerm’

N2N op2 O ts2 BTermlist compatiblén; shagef opg;tsg
Bf n;op;tsg 2 BTerm '

Also, the structural induction principle is derived for the BTerm type. Namely,
we shaw that to prove that someproperty P[t] holds for any re°ected term t, it is

suzcient to prove

2 (basecase)P holds for all variables, that is, P[Vfi;jg] holds for all natural

numbersi and j;

2 (induction step) P[Bf n; op; tsg] is true for any natural number n, any operator
op, and any list of re°ectedterms ts that is compatible with shapef opg at depth

n, provided P[t] is true for all elemens t of the list ts.

Note that the type of \terms over n variables" (wheren = 0 correspndsto closed
terms) may betrivially de nedusingthe BTermtypeandthe \subset" type constructor|

ft: BTermj bdepthf tg = ng.

4.7 Exotic Terms and Decidabilit vy

Further discussionis in order here. First, we should note that what we call the
\HO AS" represemation is in fact a very restricted form of HOAS, wherethe Imgf¢; ¢g
type constructor is usedto restrict the function spaces. For instance, considerthe
standard HOAS represemation of a universal quarti er 8x: t;: t5[x]. In traditional

HOAS, this might be represeted with a term constructor taking two argumerts.

8: Type! (Term! Prop! Prop
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There are two potential problems with this represemation. First, how should
alpha-equality of terms be de ned? Strictly speaking, the secondargumert to a 8
term is a function. Sincefunction equality is undecidablein general,if alpha-equality
is to be computable, this cannot be an arbitrary function as we normally think of
it! Second,if the function is unrestricted, the issueof exotic terms arisesas we have
mertioned in Chapter (2, where the function analyzesthe structure of its argumen
inappropriately.

The approadh taken in LF to the rst problem is to syntactically restrict the
function spaceby disallowing term destructors. In LF the , terms are strongly nor-
malizable and alpha-equality is therefore decidable. In LF, exotic terms are simply
not expressible.

Our approad is similar, but also somewhatdi®erern. Our HOAS allows us to
expressexotic terms, howewer sincethe BTermtype is formalized as the image of the
de Bruijn represemation (and the formalization doesnot referto function spaces)the
exotic terms are left out and the BTermtype is restricted to only those HOAS-style

expressionghat are not exotic.

Theorem 4.1: The type BTerm contains only those terms that have a de Bruijn

representation.

Pr oof: The induction principle (Section/4.6), which was medanically cheded, es-

tablishesthat the only termsin BTermare Vf n; mg and Bf n; 0; sg. ¥
Corollary 4.1: The type BTerm does not contain exotic terms.

For example,considerthe following exotic term, for somearbitrary xed term t.

,pXo, py: if X = tthen x elsey

This term is in canonicalform, but it doesnot have type BTermbecausat is not
computationally equivalert to any Vfn; mg or Bf n; 0; sg.
Similarly, the medianically-cheded introduction rules for the BTermtype [42] es-

tablish that all the termsthat have a de Bruijn represemation belongto this type. For
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thoseHOAS-style expressionghat are membersof the BTermtype, the correspnding
de Bruijn represetation is computable and thereforethe alpha-equality is decidable

(asit canbereducedto straightforward comparisonsof de Bruijn represemations).

4.8 A Small Example

Toillustrate the utilit y of the de Bruijn represetation, let uswrite a simple function
to compute the free variables of a term (as might be usedin closure corversion
for example). That is, suppose we have a term t with binding depth n. In the

HOAS represemation, this term is computationally equivalert to a term of the form

freein r.

Now supposewe work directly with the HOAS represemation. Calculating the free
variablesseemssimple enough. First, we choosetwo distinct termsr, 6 r,. Then, Xx;
occursfreein r i® the substitutions are not equalr[r;=x] 6e r[r2:xi]E This leads
to the following de nition.

8 9

< =
Vhoas(t) = :ijrm%@}6®fm%@}@z.
i iil

Howe\er, this de nition is somewhatunsatisfying. It involvesn substitutions and
n equality tests. Most of all, it doesnot conformto the kind of na#ve model we would
expect, where the term is traversedin the usual way. In cortrast, the de Bruijn
destructor represetation allows the more na&ve algorithm.

In the following program, S is the setof freevariables,t is the term beinganalyzed,
and fold is the list fold function that callsfv,g for ead of the termsin the list |. The

key part is the variable case,wherethe variable is addedif its index i is lessthan n,

SWe write =g to emphasizethat this is the expected alpha-equality. Since this is HOAS, this
is just term equality =. As mertioned in the previous chapter, the decidability of term equality in
generaldependson the de nition of the HOAS represenation.
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which indicatesthat the variable is free.

fvgg(S;t) = matcht with
jVfi;jg! ifi<nthen S[ figelseS
] Bfn;o;1g! fold fvygz S|

We claim that the de Bruijn-style computation fv,g is clearerthan the correspnd-
ing HOAS computation fvyg,s. It hasa more straightforward computational °avor,
and is perhapssomewhateasierto reasonabout. Of course,there is no magic here.
The two functions are extensionally equivalert. Furthermore, since the de Bruijn
represetation is de ned in terms of HOAS, it merely codi es a style of computation

that is reducibleto operationson the HOAS.

4.9 Related Work

In Chapter 2 we have already discusseda number of approadesthat we consider
ourselesinheriting from. Here we would like to revisit someof them and mertion a
few other related e®orts.

Our work hasa lot in commonwith the HOAS implemerted in Cog by Despeyroux
and Hirschowitz [25]. In both casesthe more generalspaceof terms (which include
the exotic ones)is later restricted in a recursive manner. In both casesthe higher-
order analogsof rst-order de Bruijn operators are de ned and used as a part of
the \w ell-formedness"speci cation for the terms. Despeyroux and Hirschowitz use
functions over in nite lists of variablesto de ne open terms, which is similar to our
vector bindings.

There are a number of signi cant di®erencesswell. Our approad is suzciently
syntactical, which allows eliminating all exotic terms, even thosethat are extension-
ally equalto the well-formed ones,while the more semaric approad of [25,24] has
to acceptsud exotic terms (their solution to this problem is to consideran object

term to be represered by the whole equivalene class of extensionally equal terms);
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more generallywhile [25 statesthat \this problem of extensionality is recurrert all
over our work," most of our lemmas establishidentity and not just equality, thus
avoiding most of the issuesof extensionalequality. In our implemertation, the sub-
stitution on object terms is mapped directly to -reduction, while Despeyroux, Felty,
and Hirschowitz [24] have to de ne it recursiwely. In addition, we provide a uniform
approad to both free and bound variablesthat naturally extendsto variable-length
\v ector” bindings.

While our approad is quite di®eren from the modal , -calculus one [28, 26, 27),
there are some similarities in the intuition behind it. Despeyroux, Pfenning, and
Scévrmann [28 says \In tuitiv ely, we interpret @ B as the type of closel objects of
type B. We caniterate or distinguish casesover closedobjects, sinceall constructors
are statically known and can be provided for." The intuition behind our approac
is in part basedon the canonicalmodel of the NuPRLtype theory [5, 6], where each
type is mapped to an equivalencerelations over the closedterms of that type.

Gordon and Melham [37] de ne the type of | -terms as a quotient of the type
of terms with concrete binding variables over ®-equivalence. Michael Norrish [47]
builds upon this work by replacing certain variable \freshness" requiremerts with
variable \swapping." This approad hasa number of attractiv e properties; howewer,
we believe that the level of abstraction provided by the HOAS-style approathesmakes
the HOAS style more corveniert and accessible.

Ambler, Crole, and Momigliano [8] have combined the HOAS with the induction
principle using an approad which in somesenseis opposite to ours. Namely, they
de ne the HOAS operators on top of the de Bruijn de nition of terms using higher
order pattern matching In a later work [9] they have descriked the notion of \ terms-
in-in nite-c ontext" which is quite similar to our approad to vector binding. While
our vector bindings presened in Section4.3are nite length, the exactsameapproadh

would work for the in nite-length \v ectors" aswell.
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Chapter 5

The HO AS Representation
Function

The represemation function p& de nesa quotation translation that producesa quoted
form of its argumert. To be clear, the quotation p& is terminology we usein this
paper to descrike the translation; it is not a part of any of the formal logics (F, M,
P). It is important that p& be total, where ¢ can range over all the constructs of a
formal logic, including rules, theorems,terms, etc.

The de nition of the represemation function is showvn in Figure 5.1 The parts
of interest are the quotations for concreteterms, sequets, and inferencerules. The
guotedrepresemation of a concreteterm, popf by; ¢¢¢; y,gg, producesa newterm with
a quoted name popg, and the quotation is carried out recursiwely on the subterms
pb.q; ¢¢¢; pb,g. The quotation of a sequem, pj ~ tq, is similar. For sequets, the
\turnstile operator" is quoted, and the parts are quoted recursiely.

The quotation of bound terms introducesa binder, written |, pX: t, that represerms
ead binding in quoted form. Note that the binding variable itself is unchanged;the
variable is presened as a binding, but ead binding is explicitly codedasa | p.

As we can see,the represemation function presenresthe structure of the term,
including variables, meta variables,and binding structure. This makesit possibleto
presene a one-to-onecorrespndencebetween proofs in an original logic P and its
re°ected logic pPg.

Finally, the quotation of an inferencerule, pt; j! ¢¢¢;! t,q becomesa state-
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Terms
ptqg - pXq = X

pz[t,; ¢¢¢; t,]q = z[ptiq; ¢¢¢; ptaq]

pi " tq = piap qptg

popf by; ¢6¢; bngq = Tfpopq; [pbyg; ¢6¢; pbyqlg
pbq : px1; CCC; X, tq = , bX1: CCC: | X, ptqg

Sequent contexts
pPig: phy; ¢¢¢; hnq
phq: px: tq

pX [ts; ¢¢¢; ty]q

ph.q; ¢¢¢; phnq
X ptq
X [pt1q; ¢¢¢; ptnq)

Rules and logics
pPq pR1; ¢¢¢; R, q
pRqQ: ptyj! ¢¢¢i! thq

PR1q; ¢¢¢; pRyQ
(Z " opptaq)i! €G! (Z° oppthq)

Figure 5.1: The de nition of the represenation function

ment about provability (Z ~ apptiq) j! ¢¢¢j! (Z  wppthg). The context variable
Z is fresh, and eat sequemh (Z = o ppt;q) is a judgmert in the metalogic M about
provability in P. As we will seein Chapter (7, o ,(9 is a speci ¢ binary predicate
de ned in metalogic M using the standard de nitional medanismsprovided by the

logical framework F.

provable in logic P, then sois t,,. A key goalis that the re°ected rule pRrq must be
automatically derivable from the de nition of P. For clarity, whenreasoningabout a
singlelogic we will normally omit the subscript @ p and simply write o .

Returning to our example,the quoted form of the substitution lemma (1.1) is as

follows, wherewe write s p2qt for pmemkergf s; tg.

Z o(X;x:1z3Y p qzlx]p2qz) !
Z a(X;YP gzp2qzs)i! (5.1)
Z " a(X;Y p qzfz] p29z;)

The operators have beenquoted (in this casep q and p2q), and the theoremis
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now a statemen about provability expressedn the metalogicasZ = = ¢¢¢. Only the
operator nameshave beenchanged,otherwisethe structure, including variablesand
binding, has not changed.
For an examplewith binding, considerthe rule for universal-irtroduction, shovn
belowv with the translated version. In this case,the binder x is translated to a meta

binder with | .

pX;X:zy z[x]i! X & 8x:z::z[x]q

Z a(Xsxizmp qzfx))i! Z7 o(X p qp8dfz;, px: z2[x]Q)

In the next two chapters, we will shav how to represen rulesin detail and discuss

about proof re°ection.
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Chapter 6

Sequent Represen tation

So far, we have delayed the discussionof the sequemh represemation. Other than
formalizing the syntax, our goalis to medanizethe reasoning,which meanswe also
needto represen inferencerules and proofs, and for this purposewe must be able to
represemn sequets rst. We want to reducethe sequen represetation to the terms

that already exist.

6.1 Sequent Context Induction

The issueis that arbitrary sequets, esgecially thosethat areusedto de ne judgmerts
in the programming language P, usually include context variables. For example,
considera rule that might be usedto de ne typing of a lambda abstraction.

X;x:A" z[x]2 B

Px— X:AzZ[x]2 AT B lambda-introq

Z o(X;x:Ap qz[x]p2gB)
Z a(Xpa(p,gx:A:zx])p2q(Ap! gB))

plambda-introq

Here, X and Z are sequemh cortext variables, A, B, and z[x] are second-ordeari-
ables,andx isa rst-order variable. In general,sequeh cortext variablesarebindings,
sequeh corntexts are not terms, and they cannot be modeled directly in the object
logic. How can we reducea sequeh with a cortext variable to canonicalform?

Sincethe framework metalogic we are using (the MetaPRL metalogic) does not
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include cortext quarti ers, one option is to add them and use them in the proof-
cheking predicate. Howewer, this is undesirablein part becausethe framework's
metalogic would becomeextremely expressie and powerful, but also becausethe
extensionis perilous and dixcult to get right.

Instead, Hickey extendsthe framework's metalogicwith a weaktheory of sequemn
corntext induction called teleprtation. The certral logical property is that corntexts
are nite and inductively de ned. Note that this represets a strengthening of the
metalogic by e®ectiely including Peanoarithmetic.

Teleportation. The conceptbehind teleportation is fairly simple. Sincecorntexts
are inductively de ned, cortexts can be \migrated" from onepoint in a judgmert to
another. Scopingmust be presened, including cortext variable scoping,but beyond
that the migration locations are unconstrained. The teleportation rule simply states
that in order to be able to teleport the whole cortext at once,we only needto be
able to migrate it one hypothesisat a time.

To formalize this more precisely we introduce the notion of teleportation con-
texts, written R[j]], which represems a term or a rule with exactly one occurrence
of the context j. We will usethe symbol 2 to denote the empty cortext. These
de nitions are for presertation purposesithey are not part of the metalogic. Telepor-
tation is speci ed usinga pair of nestedteleportation cortexts, which we will write as
F[¢ G[d]. HereF[j; G[¢]]] must be a rule that has exactly one occurrenceof eah
of the j, ¢ and G; in addition G must be in the scope of j.

The simplestteleportation rule hoists the context from G to F.

(base) F[ G[X]]
(step) FIX;GIx:t;Y[xIIi! FIX;x:t;GLY[X]
FIX; G2l

The teleportation rules are added as new primitiv e rules in our system. The
consenativity theorem for sequen schema [45], which states that the language of

meta variables is a consenative extension of the meta-theory, can be extendedto
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include teleportation rules. The certral obsenation hereis that for any particular
“nite concretecortext j, any proof using the teleportation rules can be transformed
into a proof without teleportation by posinga nite sequencef lemmas,onefor eath
of the intermediate steps.
A simple example. The bestway to understandteleportation is through exam-
ples. For a fairly natural one, considerthe problem of cortext exdhange. Supposea

logic hasthe structural exchangerule for hypotheses.

X yitorx:t XXyl ™ tx;y]
XXty y:to; Xo[X;y]  ta[Xx;y]

We wish to derive the cortext-exchangeproperty.

X322, X, t
X1;Z1;Z9; X, t

The proof in this casecan be posedas a nestedinduction. To begin, we propose
to migrate Z, right. To apply the teleportation rule, for eat occurrenceof a corntext
variable j on which we wish to perform induction, we specify a teleportation target,
written as?;. In the exampleof cortext exchange,the annotated rule is written as

follows.
X1;Z2;Z1;%27,, X2 t
X1;Z21;22;%27,, X0 t

In the goal clause,the target 2, speci esthat Z; is to be shifted right acrossZ,; in

the premises,Z, is shifted in place. The induction producesa basecase

X1;Z2;Z1;X, 7
X122, X, "t

which is trivial, aswell asa step case

X1;Z2;Z05;X2° t X03S;Zox: A TIX] Xo[X] ™ t[X]
X1;S;x: A Zo TIX]; Xo[X] ™ t[x] '
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The step casefollows from the hypothesismigration lemmabelow.

X, Zix: A Xo[x] T t[X]
X1 X1 A;Z;Xo[x] ™ tx]

We prove it by migrating Z past the hypothesisx: A. Hereis the annotated rule for

the lemma.
X1;22;Z;x: A Xo[x] T t[x]
X1;2z;%X: A Z; Xo[X] ™ t[X]

The basecaseis trivial. The step case,

X1;Z;x: A Xo[x] ™ t[x] X1;S;y: By x: ATyl Xaly; x] ™ tly; x]
X1;S;x: Ay BTyl Xoly; x] ™ tly;x] ’

follows directly from the hypothesisexchangerule.

6.2 Computation on Sequent Terms

The sequen induction scheme also introducesa sequeh induction combinator for
computation over a sequeh cortext. The sequent_ind f x; y:stegx; y]; sg performs
computation over a sequenh term s. The reduction rules for sequeh computation are

as follows.

sequent_ind f x; y:stedx;yl;(C t)g ! t (base)
sequent_ind f x; y: stedX;y]; (z: t1; X [2] * to[z])g !

stedty;,z :sequent_ind f x; y: stedx; y]; (X[z] ~ t2[z])q] (left-reduction)
sequent_ind f x; y: stefdx;y]; (X;z: t; ~ t[z])g !

sequent_ind f x; y: stedx; y]; (X ~ stedty;.z :t,5[Z]])g (right-reduction)

To illustrate, supposewe wish to dewelop a \v ector" universalquarti er. That is,
a sequem with the following de nition, given that the logic hasa \scalar" quarti er

8x: ty: to[Xx].

X1:t1;00¢; Xty g ther = 8Xq:tq;00C¢; Xy th: thet
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The de nition is implemerted in terms of sequemn induction.

i gt = sequentindfx;y:8z:x:(yz);(i ~ t)g

We get the following reductions.

gt ! t
X1t X[X] s talx] P 8xite (X[X] s to[X])
Xixity Tgto[x] ! X T g (8X:ty to[X])

The simple introduction rule can be derived directly.

Z;x:ty (X[X] s t2[X])
Z  (x:t; X[x] " g ta[X])

(vall-intro-single)

Furthermore, a generalintroduction rule is alsoderivable usingthe teleportation rules.

Z:X "t

— vall-intro
Z (X gt) ( )

Using similar methods, it is possibleto de ne a logic of vector operators, quarti ers,
and a vector lambda calculus.
Note that in theserules, the variable X is a cortext variable, and the rules are

valid for any instanceof X .

6.3 Computing Canonical Sequent Represen tations

With this newtool in hand, let usreturn to the topic of re°ection, wherethe issuewas
that we needto reducethe re°ected sequets (with cortext variables)to canonical
represemations.

At this point, the planis conceptuallyeasy There aretwo parts. First, we develop
a canonical represetation of concretesequets without corntext variables. For the

secondpart, we de ne a (formal) function that computesthe canonicalrepresemation
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from the noncanonicalform that includescortext variables.
The rst part is anissueof coding, wherethe goalis to de ne arepresemation that
presenesthe structure of concretesequens. We choosethe following represemation,
wherep, 4 gx: t;:t, is a quoted term that represems a hypothesis,its binding, and

the rest of the sequeit and pconcl gf tg represeits the conclusionof the sequenh

P, HOX1: t1:CCC:p, yOXn: thipeconcl gfth+a g

X1:tg; 600X tap Oty

whee

P, HOX1: tyito Tf phlamidag; [t1;, pX: t2]g

pconcl gf tg Tfpconcl q; [t]g

For the secondpart, we de ne a function over arbitrary quoted sequeis using
sequent_ind that computesthe canonicalrepresemation from its noncanonicalform.

This function, written " g, is de ned as follows.

X gt = sequentindfx;y:p, ngz: x:(y 2); (X ~ pconcl gftg)g

Using this de nition, the represemation of a re°ected rule is computed using ~ g

in placeof p° q. The original re°ected form of a rule

R = (i1 t)i! ¢! (in tn)

PR = (Z wa(pigp qptiq) i! ¢¢i! (Z° a(pingp qpt.0g):

Using the noncanonicalforms, the new represetation is

PRG = (Z w(piig s pt1q) i! ¢¢i! (Z° o(ping & Ptad)):
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For example,the re°ection form of the lambda-typing rule is as follows.

Z o(X;x:A g 2z[x]p2gB)
Z ao(X g (p,gx:A:z[x]) p2g(Ap' gB))

plambda-introq

The right-hand side will be proved by rst reducingthe " g sequets to canoni-
cal form. Note that cortexts and cortext variablesare not terms, and soit remains
impossibleto quartify over them directly. Howewer, the reducedform of a noncanon-
ical * g sequemh with cortext variables does cortain sequeh subtermswith context
variables. With teleportation it is possibleto shav that these embeddedterms are
well-de ned.

Note that occurrencesof * g represem actual sequets, and a sequeh X " g t has
the type BTermwhen X ~ t is a proper sequeh Sincethe re°ection translation p®
presenesvariables,including corntext variablesand bindings, the re°ected form of the
rule hasthe samebinding structure asthe original rule in the programminglanguage
P. In fact, the re°ected rule is in a form that can be useddirectly asa proof stepin
the re°ected logic pPg, and there is a one-to-onecorrespndencefrom proof stepsin
P to proof stepsin pPg. Furthermore, aswe discussin the next chapter, the re°ected

rules (such as plambda-introq) are automatically derivable in the metalogicM.
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Chapter 7

Pro of Re°ection

As mertioned earlier, re°ection contains two main parts: represeting the syntax,
and medanizing the reasoning. Heretoforewe have postponedthe treatment of the
provability predicatea pt, in which t is the quotation of a formula provable in logic
P. In fact, a conceptwe have glossedover is the truth of re°ected rules|if logic P
de nesarule R, the truth of pRqg doesnot follow axiomatically. It must be proved,
and the proof relieson the de nition of the provability predicate. For the most part,
this de nition is a coding problem wherethe objective is to construct a formal data
structure that correspnds exactly to the legal derivations/proof trees. To de ne

provability properly, we take the following steps.

2 First, for ead rule R 2 P, we de ne a proof checking predicate that speci es

whether a proof stepis a valid application of rule R.

2 Next, we de ne the (legal) derivations to be the proof trees where eat proof

stepin the tree is validated by somerule R 2 P.

2 A formula t is provablein logic P if, and only if, there is a derivation with root
t.

The usual properties hold: proof cheding is decidable,provability is not decidablein

general.
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7.1 Pro of Checking

and it is legalonly if eat proof step corresppndsto an inferenceusing somerule R;.
A proof step is a node in the proof tree that correspnds to a concrete inference
tpj! ¢eCi! t,, 1i! t,. Wecallthe termsty;:::;ty; 1 the premises and the term
t, the gaal.

In general, a rule R de nes a schema where eah second-ordermeta variable
standsfor a term, and ead cortext meta variable standsfor a cortext. A concrete
proof step is a valid inferenceof a rule R i® for ead second-ordemeta variable in
R there is an actual term, and for eat corntext meta variable in R there is an actual
cortext, sud that the concreteinferenceis an instanceof the rule.

Let us state this more formally. The arity of a meta variable is the number of its
argumerts, soa variable z[t;; ¢¢¢; t,] hasarity n. Let BTerniig be the type of quoted
terms of arity i, correspnding to the spaceof substitution functionsBTerm! BTerm
Similarly, let Contextfig be the type of cortexts of arity i (the cortexts correspnd
to lists of quoted terms).

Considera rule R with free second-ordenvariables x'; ¢¢¢; xi» and free context
variableinll; ¢¢¢; X Im . where the superscriptsix and ji indicate the arities of the
variableﬂ Then a concreteinferencer is a valid instanceof rule R i® the following
holds. _

9x}!: BTernfj,g; ¢¢¢; xin : BTernj ,g:
9X i1: Contextfig; ¢¢¢; X in : Contextfing: (7.1)
r = R 2 ProofStep
That is, the concreteinferencer is equalto aninstanceofrule R. The type ProofStep
is the type of proof steps, de ned as BTermlist £ BTerm cortaining the pairs
hpremisesgali. In our MetaPRL implemertation, ead premise/goalis a re°ected
sequetty asstated in Chapter/6, it hastype BTerm

For the purposesof proof chedking, the existertial witnessesare asserbled into

YIn a setting where context variables are treated as binders, the variable arities are expressions
that depend on the lengths jXj.
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a proof witness term, and passedas explicit argumens to the chedker. A proof
witnessis de ned to be an elemen of the Witness type, which in turn is de ned as
BTermlist £ Context list
Returning to the exampleof the substitution lemma(5.1), the correspnding proof
cheder is de ned asfollows, wherer is the concreteproof step to be cheded.
chegksf subst lemmar; HNz;; z0; z3; 20, [X ; Y]ig = .\

X:x:z3Y "B z1[X] P2 22); (XY "B Zo P29 Z3)]; 7.2
C = [( 3 B 21[X] P29 z2); ( B Zo P2q z3)] 2 ProofStep (7.2)

(XY "5 z1[20] p2q 22)
Note that we use " g instead of p" q in the subst _lemmaabove; as mertioned in
Chapter(6, this is the canonicalrepresemation of sequets.
In general,the \rule chedker" predicate checksf R;r;wg takesthree argumerts,

whereR is a rule, r 2 ProofStep is a concreteinference,and w 2 Witness is the

is valid i® it is an instanceof one of the rulesin the logic.
checkspfr;wg = 9R 2p [Ry; ¢¢¢; R,]: checksfR;r;wg

Sinceproof step equality is decidable,and ead logic hasa nite number of rules, the

checkspf r; wg predicateis decidableas well.

7.2 Deriv ations and Provabilit y

Now that we have de ned proof step cheding, the next part is to de ne the valid
derivations, or proof trees. For this chapter, we will assumewe are referring to a
speci ¢ logic P, using the proof-cheking predicate checksp for logic P.

The type D of all derivations is de ned inductively in the usualway. A derivation
is a nite tree of proof steps;the derivation is valid i® ead proof stepis valid. The
derivations are de ned inductively over the length of the derivation. There are no

derivations of length 0, and a derivation of length i has a goal term and a list of
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derivation premises,in the following form, where D; is the type of derivations of

length at mosti, and eadh premisedjii ! haslength at mostij 1.

dit ¢ee dit
t

D; 3
Given a derivation d, we de ne goalfdg to be the goalterm of d. Extending this to

The type D; of derivations of length at mosti canbe de ned formally asfollows,

where void is the empty type. The type D of all derivations is the union of all
derivations of nite length.

Do := void

Dis1 := §premises D; list : §gaal term: BTerm 8 withess Witness:

checkspfhgoal f premiseg); gaal_termi ; witnesgy

D := | D (7.3)

i2N

This de nition alsoallows usto prove an induction principle, which will form the

basisfor proof induction.

8P: ((8premises D list : 8g: BTerm8w: Witness:
(checksp fhgoal f premises); gi ; wg
) 8p2_ premises P[p]

) P [hpremisesg; wi]))
) 8d: D: P[d])

At this point, the de nition of the provability predicate o t is straightforward. A

guoted term t is provable i® there is a derivation wheret is the goal term.

at = 9d:D:(goalfdg=t2 BTern
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7.3 Pro of Re°ection and Automation

One important consequenc®f structure presenation is that proofs can be re°ected

aswell.

Lemma 7.1: There nementrelation for rules[45] is preserve whenre®ected. Specif-
ically, let R be a rule, and ¥be a re nement of R (by second-order and context sub-
stitution), producing R% The following diagram is commutative for an appropriate

re nement %4,

R il RO
# #
prqg i prRY

Pr oof: Dene 3 to be the re°ected form of 3% Namely, for eah substitution in
¥ dene a correspnding substitution in ¥, where ead term operator is re°ected.
Becausethe p& mapping presenes binding and free variable structure, 32 will be a

valid re nement function [45]. By construction, ¥ApRq) is pRY. ¥

Lemma 7.2: If P de nesan axiom R, the re°ected form of R, pRq, is a theoremin

the metalayic M.

Pr oof: SupposeR is an axiom with premisest;;:::;tn; 1, and goalt,.

R = t;j! ¢! ty,1i! ty

As mertioned in chapters’5 and|6, its re°ected form is as below.

PRG = (Z w©(piig s ptiq)i! ¢¢i! (Z° o(ping & Ptnd))

The de nition of the provability predicate says that there is a derivation with root
piiq s ptiq for all i = 1::n, which meansthere is a nite tree of valid proof steps.

Eadh valid proof step is an instance of one of the inferencerules in the logic. As
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L o pTiq
/\% /\{hq
T21 T22 a pT21q a pT22Q
R> \% _ pR2q \KRSOI
Tasuihaix
® Ta1 T3z Tas ® opTsuqg oplsq aplsq
Ra Rs Re PR4aq PpRsq  pReq
o o o o o o
Original logic P Metalogic M

Figure 7.1: An example proof tree and its re°ected form: o pT1q is proved automatically

pointed out by Nogin and Hickey [45], this impliesthat j; ~ t; is provablein P. This

holdsfor all i = 1::n, sopRq is true in M. ¥

Theorem 7.1: When re°ected, the derived rulesin P are automatically derivablein

the metalayjic M.

Pr oof: Considera proofin the original logic P of sometheoremT;. In afoundational

prover, the proof is expressedhs a tree of inferenceshat can be linearizedto a nite

producessubgoalsT,s; Top;:::; Ty and the subgoalsare then proved sequetially by
rule applications R,;:::;Ry,. SeeFigure 7.1 for an exampleproof tree of T,, where

By de nition, the re°ected rule pT.q has the samestructure as T;. Lemmal7.2
statesthat pR;q is a derivedtheoremin M. If we apply pR1qon pT;q, by Lemma7.1,

we will get a seriesof subgoalspT,;0, pT220, ..., pPT2q, which are the structure-

orem follows immediately by induction on the depth of the proof tree. The proof
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of pT1q is a one-to-onemap of the original theorem, using re°ected justi cations in

place of the original. That is, the re°ected proof is pR1q; pR20Q; : : :; PRm 0. ¥

While this might seemquite straightforward, the important property here is that
the prover internals do not needto be re°ected. It is not necessaryto formalize the
inference medanics of the theorem prover, becausethe original medanism works
without changein the re°ected theory.

Proof automation is similar. Again, in afoundational proverﬁ ead run of heuristic
or decisionprocedureis justi ed by a sequenceof inferencesRy; R,;::: The existing
automation may be usedfor reasoningin the re°ected logic, provided that rule selec-

tion for re°ected proofs usesthe re°ected rules rather than the original ones.

7.4 Pro of Induction

Up to this point, we have presentied a structure-preservingrepresemation function, a
medanismfor formalizing re°ectedlogics,and a procedurefor deriving re°ected prov-
ability rules. This systemis already powerful enoughto expressand prove metaprop-
erties over re°ected systems. Howewer, it remains impractical. There is a piece
missing, hamely induction on the provability predicate o t.

What exactly is the induction principle for provability? Supposewe wish to prove
a theorem of the form o x ) P|[x], wherex is a variable, and P is a predicate on
guotedterms. Sincex is provable, that meansthat there is a derivation with root x,
and we can apply induction on the length of the derivation.

Now, for illustration, assumehat the logic P cortains threerules,P = [ty to; j !

2|t is not clearto us whether a similar medanism might work for non-foundational provers (those
with \trusted" decisionprocedures).
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too; tarj! tspi! tss]. Then the induction form hasthe following shape.

(rule sketch)

i; oty Plty]

i, o to; oty Pltar] - Plta]

i» o t3g;0 ta; o taz; Plta]; Ptss] ~ Ptag]

i, a X P[X]

Howewer, this rule is not quite right. The issueis that the terms t; will, in
general,cortain metavariables,and the meta variablesmust be separatelyuniversally
quarti ed for ead induction case.

As mertioned in Chapter (6, explicit quarti cation of meta variablesis not ex-
pressiblein our metalogic F\jeigpr: HOweer, hereit is acceptableto use object-
quarti ers provided by the metatheory M crr. There is no appreciablee®ecton proof
automation aslong asthe rst-order form is compatible with the automatically gen-
eratedre°ectedrules. The correct form of the rule explicitly quarti es over the meta
variables, reusing the medanism for generating the proof-cheking rules. For the
current example,we introduceexplicit quarti ers. In this casewe write t;; [X] to rep-
resen aterm that may cortain any of the variable X but is otherwisefree of context

variables.

i; X:Context;o t11[X] " P[t11[X]]
i; X1 Context;a t[X];m too[X]; P[taa[X]] ~ P[t22[X]]
i; X1 Context;a t3;[X];m t[X]; o t33[X]; P[ts1[X]]; Ptso[X]] ~ Pltss[X]]

i ax P[X]

In our implemertation, we generatea variant of this rule that allows for induction
over terms, not just variables. This is done by introducing a \shared" term u that
establishesa connectionbetweenthe provableterm t and the predicateP. The actual
theoremhasthe form j; u: ty; o to[u] * PJts[u]], whereu is the sharedpart. The new

form is derivable from the previous casefor provability on variables, and is stated
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below.

8P: 8t,: ((8v: ty: 8premises BTermlist : 8w: Witness:
(checkspf (premisest,[v]); wg
) 8p2. premises a p
) 8p2. premises 8w: ty: (tow]=p) Pw])
) PVD)
) 8u:ty:(otyfu]) Plul)

This medanism establishesthe principle of proof induction. The principle of
structural induction is reducible to proof induction by specifying the syntax of a

languageas a logic of type cheding, aswill be discussedn Section8.4.
7.5 Preliminary Discussion

At this point, all the piecesare in place. We have de ned

1. the type BTerm of re°ected terms,

2. the re®ection function pd,

3. the provability predicatex r (for r 2 BTerm), and

4. we have derived a proof induction principle.
The following are the key stepswhen using this methodology:

2 To reasonabout a speci ¢ programming languageP:

do not require metatheoretical reasoning.
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3. Instruct the framework to re°ect the logic P. The framework will createa

subtheory pPq of the metalogicM having the following parts,

{ ade nition of ap,

{ a proof induction principle for o pr, wherer is a re°ected formula in

pPa.
2 The following are proved automatically by the framework:

{ Ead inferencerule pR;q is derived as a theorem of M.

{ The induction principle is derived astheorem of M.

2 At no point are new axioms addedto F and M; the subtheory pPq is fully

derived.

As we have merioned, the structure of terms and rulesis presened by the transfor-
mation pPg. The practical consequencés that reasoningin the original logic P maps
directly to reasoningin the re°ected logic pPq; any approad to constructing a proof
of the theoremR? in P equally appliesto proving pRY in pPg.

If atheoremRY?is not provedin P, the framework will state the correspnding pR%q
asa theoremto be proved in the re°ected logic pPq by the user. The re°ected logic
pPq a®ordsan induction principle, and in addition permits the useof quarti ers from
M that are not available in P. Thesetwo properties together enablethe statemert
(and proof) of metatheoretical principles that could not be proved in P itself. Sut
metatheoretical principles can then be usedin the proof of pRY.

It should be noted that this is only a fragmert of re°ection|w e do not add a

re°ectionrule o ptq) t. Any metatheoremthat is provedin pPqremainsa fact solely

3This step is medanical, but in our implemertation it is not yet complete.
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of pPq; the original theory P remainsopen and unconstrained. While a re°ection rule
could be added as a new axiom to F, we beliewe it is unnecessaryand that the

consequen strengtheningof the framework logic F is undesirableand dangerous.
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Chapter 8

An Example: F.

To illustrate re°ection in practice, we have formalized an initial part of the program-
ming language/type systemF<:, asde ned by the POPLmak challenge. This work
(as well asthe re°ection medanismthat hasbeendiscussed),s implemerted in the
MetaPRL logical framework. In this system, the framework logic F is the logic of
sequemrschema 45|, which is essetially a logic of second-orderHorn formulas; the
metalogicM is Computational Type Theory [42], a variant of Martin-LAf type theory.

Following the methodology descriked in the previous chapter, the rst stepis to
de ne Pe.. asa primitiv e logic in F. This immediately brings us to the issue of
syntax and represemation. In most textb ook accours, the syntax of a logic receiwes
little discussionthe syntax is frequertly described with a cortext-free grammar, and
then dismissedso that the discussioncan proceedto more interesting issues. In a
formal accoun, the processcannot be dismissed,and in fact is quite important, asit

providesthe basisfor structural induction.

8.1 Dening the Syntax of F..

The syntax of F<: is shavn in Figure(8.1in the usualtextb ook form aswell asin the
concretesyntax for de ning the terms of a logic in MetaPRL The textb ook form is
standard. The MetaPRLform introducesead term asa declaration. The \t ypeclass"
declarations, such as declae typeclassTy, de ne classesof syntax (this should not

be confusedwith the word typeclassasit is usedin Haskell or other languagesihe
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Syntax in textb ook form

t

)
)
j

Top
t1! to
8X < t1:to[X]

X tex]
€1 €
aX <:teX]

eftl

e2t

t1 < to

i P
hy;¢¢¢; hy

Xt
X <t

Types

the maximal type
function space
universaltype

Expresssions
functions
applications
type abstraction
type application

Propositions
type membership

subtyping
Judgmerts
sequen contexts

value assumption
type assumption

Raw syntax for Pg_. (in MetaPRL)
declae typeclassTy

declae Top: Ty

declae TyRunftl: Ty; t2: Tyg: Ty

declae TyAllftl: Ty; X: Ty. t2[X]: Tyg: Ty

declae typeclassExp

declae lambdaf t: Ty; x: Exp. e[X]: Expg: Exp
declae applyf el: Exp; e2: Expg: Exp

declae Lambdaf t: Ty; X: Ty. e[X]: Expg: Exp
declae Applyf e: Exp;t: Tyg: Exp

declae typeclassProp
declae memkberf e: Exp;t: Tyg: Prop
declae subtypef tl1: Ty; t2: Tyg: Prop

declae typeclassJudgment

declae sequentf
j Exp: Ty
j Ty: TyBound
>- Propg: Judgment

Figure 8.1: The syntax of F<:, in textb ook form and in the concrete syntax for P
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meaninghereis simply that the term Ty denotesa syntactic collection of terms). The
term declarationsare in a restricted form of HOAS. For example, the declaration
TyRunftl: Ty; t2: Tyg: Ty speci esthat the term TyFun represets a type (Ty) with
two subterms, both of which must be types. The declaration TyAllft1: Ty; X: Ty.
t2[X]: Tyg: Ty is similar, but it introducesa binding X, and the subterm t2[X] must
be atypeif X is atype.

Sequen declarationsintroducea newissue.In F<:, sequet hypotheseshave two
forms, onethat introducesan expressionbinder, and another that introducesa type
binder. For example,in the F<: sequenh X <: Top;x: X = x 2 X, the variable X has
type Ty, and x hastype Exp The correspnding MetaPRL declaration includesthe
two cases.As a technicality, the MetaPRLframework logic F includesonly a single
binding form, so we introduce a new term BoundedBft: Tyg: TyBound The F«<:

hypothesisX <: Top takesthe form X: BoundedB¥/Topg.

8.2 Re‘ected Syntax

When re°ected, a formula t 2 Pe_. becomesa formula ptqg 2 BTerm However,
we should be careful here, becausehe transformation ptq is de ned over many more
termsthan thosein Pg_. . For example,we have plambdaf Top;x:Topgg 2 BTermeven
though lambdaf Top;x:Topg is not a well-formed formula of F<:. The type BTerm
includesall the re°ected formulas; what is neededs to de ne subtypesBTernmc where
Cis a syntactic class(for exampleBTermyy).

Howewer, nadve de nitions of BTernc quickly run aground. For example,suppose

we wish to de ne the type BTermy, using a type-theoreticform of set comprehension
BTermy, := ft: BTerm]istyftgg;

whereisty : BTerm! B is a predicateandistyftgistrue i® t is aterm that represefs
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atypein F<:. The pseud@ode is as follows.

istyftg = matc ht with
j Top! true
j TyRunfty;tog! istyftig” istyft,g
] TAlifty; xito[x]g ! istyft;g” 8x: BTermy: istyf to[x]g

Howewer, the nal clausefor TyAll includesa quarti cation over BTermyy, sothe type
de nition must at least be recursive. Furthermore the occurrenceis negative; this
approad is unlikely to work. In fact, this kind of negativity is just an instanceof the
generalproblem of naming in formal metatheory.

Howewer, there is a simple and easyway out, which is to de ne the syntax as
a logic. That is, ead term declaration is viewed as a syntactical judgmen. We
introducea syntactical judgmert *, (wecall it a\metatype" judgmert) that de nes
syntactic well-formedness. Some examplesare shovn in Figure (8.2 The syntax
rules are expressedn prere°ectedform. For the most part, theserules are ertirely
straightforward. Each declaration de nes a correspnding type-teding rule in the
logic " v . Sequen declarationsresult in two or more type-teding rules, wherethere
is onerule for eat of the kinds of hypothesesin the sequen

If we wish, we can now give a formal de nition to the type BTermy, asfollows.
BTermry, = ft:BTermjo ("w t2y TYy)g

Note howewer that this type includesonly the closedtermst. For this reason,in our

implemertation, we usethe predicatea (jy m t 2u Ty) directly.

8.3 The F.. Logic

We now proceedto de ne the logical (as opposedto syntax) rules of the F<: type

system. The rules themsehesare standard, we shaov a small fragmen in Figure 8.3.
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Syntax judgmen ts Rules
Jv = im mt2m C syntax judgment
im o= X1 G eee; x,: G syntax contexts

iM;X:CGem[x] m x2m C

Syntax declaration Syntax judgmen ts

Tue ¥ T o iMm mMt2u Ty im;X:Ty m 2[X]2y Ty
TYAllftl: Ty, X: Ty, ©2[X]: Tyg: Ty im M TYAIftl: Ty; X: Ty; t2[x]: Tyg2m Ty

v v Fyne alel- . iMm mMt2u Ty im;X: Exp wm €x]2m Exp
lambdaf t: Ty x: Exp; e{x]: Expg: Exp im wm lambdaft: Ty; x: Exp;e[x]: Expg 2m EXxp

iMm mt2vw Ty
iM;X:Expm (Y[IX] P[X]) 2m Judgment

sequentExp: Ty j Ty: TyBound™ Propg: Judgment v v OCLYIX] PIXD) 2w Judgment

imMm mt2uw TyBound
iMmix: Ty m (Y[X]" P[X]) 2m Judgment
im ™M (X2t Y[X]T P[X]) 2m Judgment

|
8 s
iMm M P 2M Prop
% im M (C P)2y Judgment

Figure 8.2: A fragment of the syntax judgments

Here, the letters g, s, S, and T stand for second-ordemmeta variables. As before,
hypothesisx : BoundedBitg represets the form x <: t.

The remainder of the logic now proceedsmuch asit did for the syntax. When
re°ected, the rules de ne a logic of provability in pPqg. The re°ected sublogic pPq
enablesreasoningboth by structural induction (basedon the syntax rules) and proof

induction (basedon the logical rules), and the user can draw on either principle as

needbe.

Textbook notation Concrete represettation in MetaPRL
% satvar pri)r?;;?l;voal;r;dedBytg;Y[x] " subtypef x; xg

i olx i(: <é:8e\2 %3! ST t_tabs prm tia;lzs::BoundedBYSg " memlerf €x]; T[x]g

X~ memkberf Lambdaf S; x:e[x]g; TYAIIf S; x:T [x]gg

Figure 8.3: A fragment of logical rules from F«:
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One point to note is that some metaproperties are expressiblein the original
logic, and it is usually desirableto do soin thesecases.For example,the property of
re°exivity of subtyping is expressible(though not provable) in the original logic, asa
theorem of the following form.

P t<it

When re°ected in the cortext of the F<: syntax, we require that the theorembe

a valid judgmert of the logic Fr_. , and the theoremtakesthe form

(e "m (i pgt<it)2y pludgment)) (o (i p qtp<:qt));

where quotations have beenaddedin the appropriate placesby the re°ection med-

anism.

8.4 Structural Induction

Sincethe syntax is expressedsa type-deding logic, structural induction reducesto

proofinduction. That is, atype-thedking judgmen hasthe forma (j v P v q ptd p2m g pCa),

for someterm t and syntax classC. Induction on the provability yields the possible
casedor the term t.

To illustrate, supposewe wish to prove re°exivity of subtyping. The proof pro-
ceedsas follows. For clarity, we have omitted occurrencesof the quotation symbol

p®; it should be understood that every non-variable term is quoted.

2 a(m(i X<:x)2y Jdudgment) o (j  Xx<:X)

This is the goal to be proved. We forward chain, using the assumption as

follows.

{ a(Cwm (i X<:Xx)2y Judgment
This is the assumption. Proof induction on the Judgmentjudgmert leads
to the following fact, wherethe bj ¢ denotesthe reduction of the corntext

i to asyntactic context with hypothesesof the form x: C.
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{ a(bjc m (x<:x) 2y Prop
From the declaration for subtype, we can infer from (x <: x) that x is a

type by proof induction.

{ a(bic ' m x2u Ty)

2 We now perform structural induction on o (bjc ™ y X 2y Ty), to obtain the
following subgoals. By assumption(bjc "y X 2y Ty) hasa proof, and that
proof must end with one of the Ty rules, sox is either a variable or one of Top,
TyFRun, or TyAll.

{ o(j; x<:T;¢[x] x<:X)
{ a(j * Top<: Top)
{oicmti2uTy)) (i  ti1<ty))
o(bic'mt2uTy)) (i t2<ity))
(i (! t) < (! t2))
{ebicmti2uTy)) (i ti<ty))
o (bicx: Ty w ta[x] 2m Ty))
g (j; x <: Top™ ta[x] <: to[X]))
o (i (8x<ityltafx]) <t (8x <yl to[X]))

Ead of thesesubgoalsis now provable from the rulesin pF<: .

In other cases,the metatheoremsare not expressiblein the original logic. For ex-
ample, the proof of transitivit y of subtyping requiresthe proof of two properties by

simultaneousinduction.

1.Ifj ty<ityandj * ty<:tz thenj ~ ti < ts.

2. 0f j;x <ty ¢[x] ~ tyx] < tg[x] and j  te < tp, then j;Xx < tg ¢[X] °

t4[x] <: ts[x].
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Sincethe theorem is the simultaneous proof of two rules, it cannot be expressedn

F<:. In the re°ected systemit simply becomesa conjunction.

0 1 0 1
(@i t1<it)) (B i ;X <ityC[x] ty<ts))
(o ty<ity)) %A%(Qi\t6<it2)) §
(o t1<ty) (B X<t C[X] ts<ts)

The proof proceedsin the usual way, by structural induction ont, [12, Appendix
Al



73

Chapter 9

Discussion and Future Work

The goal of this work is to dewelop a practical theory of logical re°ection. While re-
°ection canbe de ned over many di®eren represemations, we believe that a practical
approad requiresreusingexisting automated methods, and doing sorequiresthat the
structure of a theory be presened, including variables, meta variables,and bindings.
We presetted a structure-preservingrepresemation of syntax and logical terms, using
a hybrid approad of a combined HOAS/de Bruijn represetation. Basedon a weak
form of sequem context induction calledteleprtation, we dewelopeda mehanismthat
allows reasoningand computation over terms that include seque cortext variables.
This led to a formalization of proofs, proof-cheders, and derivations, together with

automated generationof re°ected rules and induction formsin the re°ected theory.

In someways, the result seemssimple. When a logic is re°ected, its presertation
changesonly slightly, and the existing reasoningmethods and proof procedurescon-
tinue to work. The di®erenceis, of course,that reasoningabout metaproperties of
the logic becomespossible.

It wasimportant to usthat the dewelopmen of the theory of re°ection be accom-
paniedby its implemertation. This makesit more usefulof course,but an additional
reasonis that the theory of re°ection is rife with paradoxes,and it is easyto fall into
falsethinking. While we have tried to simplify the accoun in this thesis, the actual
formalization was demanding. In Appendix/A we shav an architectural overview of
the theorieswe implemerted in MetaPRLand in Appendix B we provide a selected

listing of the most important implemerted theories. The completetheory listing is
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online and freely available [42].

Part of the power of our approad comesfrom the availability of rst-order forms
(including the de Bruijn represetation) that areusedto build the formal foundations.
The goal, howeer, is to provide userswith a corveniert HOAS-basedhigh-level
interface.

This formal framework of re°ection providesa generaland uniform way to de ne,
view, and manipulate programming languagesand can be usedto dewelop program-
ming languagemetatheories. Currently, we are using re°ection to dewelop an accour
of the F<: type theory as de ned by the POPLmak challenge. Using our erviron-
mert for the task of formalization is straightforward; the routine proofs are fully
automated. In addition, for simple proofs, the rst-order forms are ertirely hidden.
One challenge,howewer, is to simplify the useof proof induction, which, asdiscussed
in Section7.4, relieson the rst-order represemation, including the metalogic quan-
ti ers. The useof metalogicalquarti ers di®ersfrom the rest of the accoun, where
implicit framework quarti ers are usedto quartify over second-orderand cortext
variables. The result is that there is a mismatd in represemation when induction
is performed, and proofs by induction are overly complicated. We beliewe that this
can be solved by reformulating the induction rules, and we are currertly working on
a solution.

Another areaof immediate interest is the issueof evaluation cortexts, which are
neededfor reasoningabout presenation and progress.We beliewve that the syntactical
de nitions usedfrequertly in the literature provide a natural way to de ne evaluation
corntexts, and we are pursuing this line of investigation.

We beliewe that our results may be generalizedto other provers and frameworks.
The non-standard properties of the logical framework that we rely upon are the

following.

1. Programsmay be expressedvithout rst giving them a type;in addition, pro-

gramsmay have more than onetype.

2. Computation de nesa congruenceany two programsthat are computationally
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(beta) equivalent can be interchangedin any formal context.

3. For reasoningabout sequetts, a weak induction principle is neededon sequem

corntext variables.

4. A function image type [46].
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App endix A

Arc hitecture and Summary of the
Implemen tation in MetaPRL

As mertioned earlier, this work is fully implemerted in the MetaPRLtheorem prover.
Here we shaw the architecture of the formal implemertation of our re°ection frame-
work in MetaPRL (Figure |A.1). In the parerthesesnext to eah module name, we
give orderly the number of rules and rewrites in that module, the total number of
proof tactics we usedto prove them, aswell asthe total number of actual proof steps
in the system.

Corresponding to the preseniation in this thesis, we divide the architecture into
three parts: syntax represetation, sequen represemation, and proof re°ection, eah
of which consistsof a number of theories/modulesthat de ne the correspndingterms
and operations, and include axioms and/or fully derived theorems.

The v e modulessurroundedby the brokenline is the \core" of our theory, which
de nesahybrid HOAS/de Bruijn represetation of syntax asmertioned in Chapter/4,
and provides a foundation for our whole re°ection work.

To help with better understanding of our work, we include a selectedlisting of
the modules we implemerted in Appendix B, as indicated by the blue shadesin
Figure/A.1. For a completetheory listing, pleaserefer to the nightly updated online

resourcel42).
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Syntax representation

: itt_hoas base (6,6,64)

l

|
|
|
|
|
itt_hoas vector (29,55,4185) |
|
|
|
|
|

|

itt_hoas_vbind (8,13,139) :
]
|
|
|

itt_hoas_operator (29,25,447) itt_hoas_debruijn (39,105,15283)

T

itt_hoas_destterm (10,8,283)

|

| |
| |
| l |
| |
: itt_hoas bterm (97,283,14390) !
|

itt_hoas_relax (54,343,33312) itt_hoas_normalize (16,16,8695)
itt_hoas_bterm_wf (20,148,33917)

itt_hoas lof (47,159,15892)
itt_hoas lof_vec (14,30,427)

itt_hoas_util (2,10,270)

Sequent representation

itt_hoas_sequent (63,198,5916)

itt_hoas_sequent_bterm (70,408,14639)

itt_hoas_sequent_term (52,118,1945)

itt_hoas_sequent_term_wf (30,184,10070)
itt_hoas_sequent_normalize (20,44,1127)

itt_hoas_meta_types (0,0,0)

Proof reflection

Figure A.1: Architecture of the re°ection formalization in MetaPRL
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App endix B

Partial Listing of Relevant
MetaPRL Theories

This appendix is a printout of someof the relevant MetaPRLtheoriesand was gener-
ated automatically by the MetaPRLsystem. The completeimplemertation is available
online [43,42]. The MetaPRL notation usedin this appendix is partially explained
in [45,42,43. Rules and rewrites marked with a \*[ ny;n,] " are derived (n; and
n, provide a measureof the proof size) and the \![¢¢¢]" marker meansthat the
rule/rewrite is an axiom. Most of the operators are presened in their pretty-printed

forms.
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B.1 Itt _~hoas_base module

The Itt _hoas base module de nesthe basicoperationsof the Higher Order Abstract
Syntax (HOAS).

B.1.1 Parents

Extends [Basetheory
Extends [Itt _dfun

Extends [Itt _union!

Extends [Itt _prod
Extends

B.1.2 Terms

The expressiorB x: t[x] represems a\b ound" term (\bterm™) with a potertially free
variable x. In order for it to be well-formed, t must be a \substitution function”.

The T(op; subtermg expressiorrepresenms a term with the operator op and sub-
terms subterms. In order for it to be well-formed, the length of subterms must equal
the arity of op and ead subterm must have the \binding depth" (i.e. the number
of outer binds) equal to the corresppnding number in the shape of op (remenber,
the shape of an operator is a list of natural numbers and the length of the list is the
operator's arity).

The expressionbt@ represeis the result of substituting t for the rst binding in
bt.

Finally, the weakdest _bterm operator allows testing whether a term is a bind or

a mkterm and to get the op and subterms in the latter case.

de ne unfold _bind :
Itt _hoas baselbind fx. 't< j!! j>['X] ¢

(displa yed as\B x: t[x]") A!
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inl (, x:t[x])
de ne iform bind _list
Itt _hoas_base!bind _list f'terms< !l j>g
(displa yed as \ bind_listftermsg") A!
B terms
de ne unfold _mkterm :
Itt _hoas_base!mktermf'op<j!! j>; 'subterms<j!! j>g
(displa yed as\ T (op; subtermg") A!
inr (op; subtermg
declare Itt _hoas baselillegal _subst
(displa yed as\illegal _subst')
de ne unfold _subst :
Itt _hoas base!subst f'bt< j!I j>; 't< jI j>g
(displa yed as\bt@") Al
matc h bt with
inl fj > ft
j inr optj > illegal_subst
de ne iform subst list
Itt _hoas. base!subst _list f'terms< !l j>; 'v<jll j>g
(displa yed as \substlistfterms; vg") A!
terms@v
de ne unfold _wdt :
Itt _hoas base!weak dest _bterm
f'bt< jI j>;
'‘bind _caseq!! j>;
op, sbt. 'mkterm_casegq!! j>['op; 'sbt] g
(displa yed as
\'matc h bt with
B _ij > bind_case

j T(op; sbt) i > mkterm_casdop; sbf]") A!
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matc h bt with
inl fj > bind_case
j inr optj > let
(op; sbt) = opt
in

mkterm_casdop; sbt]

B.1.3 Rewrites

*[1; 12] rewrite reduce_subst fj public reducejg :
(B x: bt[x])@ A! bt]t]
*[1; 10] rewrite reduce_wdt_bind fj public reducejg :
matc h B x: t[x] with
B _i > bind_case
j T(op; sbt) i > mkterm_casdop; sbt]
Al
bind_case
*[1;12] rewrite reduce_wdt_mkterm fj public reducejg :
matc h T(op; subtermg with
B _i > bind_case
j T(o; sbt) i > mkterm_casdo; sbt]
Al

mkterm_casdqop; subtermg

On occasion,it is alsousefulto work with subtermlists directly, without the operator.

De ne another constructor mk _termsf Ig that represetts a list of terms 1.

de ne unfold _.mkterms :
Itt _hoas_base!mkitermsf'l< j!! j>g

(displa yed as \mk_termsflg") A!
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inr |
de ne unfold weakdest terms :
Itt _hoas base!weak dest _terms
f'bt< jIl j>;
'‘bind _caseq!! j>;
I. ‘'terms _caseg!! j>[1] ¢
(displa yed as
\weak dest termsf bt; bind_case |: terms_cas€l]g") A!
matc h bt with
inl xj > bind_case
j inryj > terms_casdy]
*[1; 10] rewrite reduce weakdest terms _bind
fi public reducejg :
weak destterms
fB x: t[x];
bind_case
terms: terms_casdtermsjg
Al
bind_case
*[1; 10] rewrite reduce_weakdest terms_mkterm
fi public reducejg :
weak destterms
fT(op; subterms;
bind_case
terms: terms_casgterms|g
Al
terms_casg(op; subtermg]
*[1; 10] rewrite reduce_weakdest terms_mkterms
fi public reducejg :

weak dest terms
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fmk _termsflg;
bind_case
terms: terms_casdtermsjg
Al

terms_case|l ]

B.2 Itt _hoas_vector module

The Itt _hoas.vector module de nesthe \v ector bindings" extensionsfor the basic
ITT HOAS.

B.2.1 Parents

Extends [Itt _hoas base
Extends [Itt _nat]
Extends [ltt _list2 |
Extends (Itt _fun2
Extends

B.2.2 Terms

The B x : ": t[x] expressionwheren is a natural number, represets a\telescope” of n

We also provide an input form bindf n; tg for the important caseof a vector
binding that introducesa variable that doesnot occur freely in the bterm body.

The bt @, t expressiorrepresens the result of substituting term t for then + 1-st
binding of the bterm bt.

The bt@tl expressionrepresetits the result of simultaneoussubstitution of terms

tl (tI must be a list) for the rst j tl j bindings of the bterm bt.
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de ne unfold _bindn :
Itt _hoas.vectorlbind f'n<j!! j>; x. 't< jIl j>['x] g
(displa yed as\B x : ": t[x]") Al
(Ind(n) where Ind(n) =
n=0) Ind(n) = ,f:f []
n>0) Ind(n) = ,f:Bv:Ind(nj 1) (,1:f v:l) (,x:t[x])
de ne unfold _substn :
Itt _hoas.vector!subst f'n<j!l j>; 'bt< jIl j>; 't< jIl j>g
(displa yed as\bt @, t") A!
(Ind(n) whereInd(n) =
n = 0) Ind(n) = ,bt:bt@t
n>0) Ind(n) = ,bt:B v:Ind(nj 1) (bt@v)) bt
de ne unfold _substl
Itt _hoas vector!lsubstl f'bt< j!! j>; 'ti< j! j>g
(displa yed as\bt@tl") Al
match tl with [ > (,b:b) j h::fj > (, b:f (b@h)) bt
de ne iform simple _bindn :
Itt _hoas.vectorlbind f'n<j!! j>; 't< jll j>g
(displa yed as \bindfn; tg") Al
B :"t
de ne iform bindn list
Itt _hoas.vectorlbind _list f'n<jll j>; 'terms< !l j>g
(displa yed as \ bind_listfn; termsg") A!
map(bt:bindf n; btg; terms)
de ne iform substl list
Itt _hoas.vector!substl _list f'terms<j!! j>; 'v<]ll j>g
(displa yed as \ substl_listf terms; vg") Al

terms@v
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B.2.3 Rewrites

*[1; 20] rewrite reduce_bindn _base fj public reducejg :
B x:%t[x]A!l t[[]
*[1; 16] rewrite reduce _bindn _up
fi public reduceOcaml!lab
[3742:n,
3768:n,
"labels":s]
f somd denormalizelabelsyg jg
n 2 Nij!
BIl:"*Lt[IJA! Bv:BIl:":t[v:l]
*[2; 56] rewrite reduce _bindn _upleft
n 2 Nij!
BIl:1* M t[IJA! Bv:BIl:":t[v:l]
*[1; 36] rewrite bind _into _bindone :
B v:t[v]A! B I:% t[hdflg]
*[1; 23] rewrite bindone_into _bind :
BIl:Lt[IJA! B v:t[V]]
*[7;437] rewrite split _bind _sum:
m 2 Nij!
n 2 Nij!
BI:m* n:t[I]A! Bl,:™:Bl:": t[ly @l]
*[2; 26] rewrite reduce_bindn _right
n 2 Nij!
BIl:"*Lt[IJA! BIl:":Bv:t]l @[]
*[1;10] rewrite mergebindn fj public reducejg :
m 2 Nij!
n 2 Nij!
B :™B :":tAl B :™* "y
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*[1; 18] rewrite reduce_substn _base fj public reducejg :
bt @t A! bt@
*[1; 14] rewrite reduce_substn _case fj public reducejg :
n 2 Nij!
bt@ .1t A! B x: bt@ @t
*[1; 10] rewrite reduce_bindn _subst fj public reducejg :
n 2 Nij!
Bv:"* Lbtvj@ A! B v:": btft:v]
*[8; 1766]rewrite reduce _substn bindnl bind (x:bt[x]):
m 2 Nij!
n 2 Nij!
n, mj!
(BVv:BIl:": btlv:l]) @, tA!
B I:": btlinsert _at(l; m; t)]
*[1; 18] rewrite reduce_substn _bindn2 fj public reducejg :
m 2 Nij!
n 2 Nij!
n, mj!
BIl:"*Lbtl]@,tA! BIl:":btlinsert _at(l; m; t)]
*[1; 10] rewrite reduce_substl _basefj public reducejg :
bt@[ A! bt
*[1; 12] rewrite reduce _substl _step
fi public reduceOcaml!lab
[6051:n,
6077:n,
"labels":s]
f somd denormalizelabelsyg jg :
bt@h ::t Al bt@h@t
*[1; 14] rewrite reduce_substl _stepl fj public reducejg :

(B v: btv])@h ::t Al bt[h]@t
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*[1; 65] rewrite reduce_substl _step2 fj public reducejg :
n2 Nij!
Bv:"* Lptvl@h:t Al B v:":btlh:v]@t
*[3; 82] rewrite reduce_substl _bindnl fj public reducejg :
| 2 List j!
B v :i: btvi@l A! bt[l]
*[3; 1092]rewrite reduce_substl _bindn2 :
| 2 List j!
n2 Nij!
n,jlji!
Bv:":btvl@l A! Bv:"i il pt]l @v]
*[2; 100] rewrite reduce_bsblfj public reducejg :
n 2 Nij!
Bv:":Bw:": btiw]@vA! B w:": btw]
*[1; 20] rewrite reduce_bsb2f] public reducejg :
n 2 Nij!
m 2 Nij!
Bv:":Bw:"* ™ btw]j@vA! Bw:"*"™: btfw]
*[1; 16] rewrite unfold _bindnsub :
n 2 Nij!
Bv:"* LptviJ@vA! B u:Bv:" btfu:vij@@v
*[1; 8] rewrite subst _to _substl : e@ A! e@|x]
*[2; 105] rewrite bindn _to _list _of _fun :
n 2 Nij!
B x:": e[x] Al B x:":eflist_of funfi: x_i; ng]
*[1; 26] rewrite coalesce _bindn _bindn :
n 2 Nij!
m2 Nij!
Bx:":By:™ e[x;y]Al

B x:"*™ M: e[nth_prefixfx; ng; nth_suf fixfx; ng]
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*[2; 71] rewrite substl _appendright
| 2 List j!

e@( @[x]) A! e@l@x
*[1; 6] rewrite substl _appendleft

| 2 List j!
e@x@l A! e@x ::|
*[5;92] rewrite substl _substl _list
l{ 2 List j!
[, 2 List j!

e@,@l, A! e@(l, @ly)
*[1;16] rewrite substl _substl _lof :
n 2 Nij!
m2 Nij!
e@list _of _f unfx: f[x]; mg@list_of _f unfx: g[x]; ng A!
e@(list of funfx: f[x]; mg @list _of _f unfx: g[x]; ng)

B.3 Itt _hoas_debruijn module

The Itt _hoas_debruijn module de nesa mappingfrom de Bruijn-lik erepresemation
of syntax into the HOAS.

B.3.1 Parents

Extends [Itt _hoas_base

Extends [Itt _hoas vector

Extends [Itt _nat
Extends [Itt _list2 |

Extends Itt _image?2
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B.3.2 Terms

B.3.2.1 A de Bruijn-lik e representation of syntax

Our deBruijn-lik erepresetation of (bound) terms consistsof two operators. var (left; right)
represems a variable bterm, whose\left index" is left and whose\right index" isright.
Namely, it represemntheterm B x;: ::: (B x_left:By:B z: ::: (B zright:v) :::) ..

The mkbterm(n; op; btl) represets the compound term of depth n. In other

de ne unfold var :
Itt _hoas debruijnlvar f'left< jlI j>; ‘right< j!! j>g
(displa yed as \var (left; right)") Al
B x:t:Bv:B x:Mt:y
de ne unfold mkbterm :

Itt _hoas.debruijn!'mk _bterm

f'n<jll j>;
op<ijit j>;
‘btl< j!I! j>g

(displa yed as \ mkbterm(n; op; btl)") Al
(Ind(n) where Ind(n) =
n = 0) Ind(n) = ,btl:T(op; btl)
n>0) Ind(n) = ,btl:B v:Ind(nj 1) ((btl@v))) btl

B.3.2.2 Basic operations on syntax

Dbt is the \binding depth" (i.e. the number of outer bindings) of a bterm bt.
| v andr v provide a way of computing the | andr indicesof a variable var (I;r).
try get _op bt with Not_found -> op returns the bt's operator, if bt is a mkbterm
and returns op if bt is a variable.

subterms bt computesthe subtermsof the bterm bt.
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de ne unfold _bdepth :
Itt _hoas._debruijn!bdepth f'bt< j!! j>g
(displa yed as\Dbt") Al
fix (f:, bt:weak destterms
f bt;
1+ (f (bt@r (¢ [));
y: Og) bt
de ne unfold _left
Itt _hoas debruijnlleft f'bt< j!! j>g
(displa yed as\| bt") Al
fix (f:, bt:, I:matc h bt with
B_i > f(bt@r(; M + 1)
j T(op; )i > op) btO
de ne unfold _right
Itt _hoas.debruijnlright f'bt< jII j>g
(displa yed as\r bt") Al
(Dbt) § (I bt) j 1
de ne unfold _get _op:
Itt _hoas. debruijn!get _opf'bt< j!! j>; 'op<j!! j>g
(displa yed as
\try get_op bt with Not_found -> op") A!
fix (f:, bt:matc h bt with
B _i > f (bt@l(op; 1)
j T(op; )i > op) bt
declare Itt _hoas_debruijn!not _found
(displa yed as \ not_f ound")
de ne iform unfold _get _opl:
Itt _hoas debruijn!get _opf'bt< j!! j>g
(displa yed as \ get.opf btg") A!
try get_op bt with Not_found -> not_f ound
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de ne unfold _numsubterms :

Itt _hoas.debruijn!'num _subtermsf'bt< j!! j>g
(displa yed as \ num_subtermsf btg") A!
fix (f:, bt:matc h bt with
B_i > f (bt@r(¢ )

j TG btl) i > jbtlj) bt
de ne unfold _nth _subterm :

Itt _hoas. debruijn!nth _subtermf'bt< jII j>; 'n<jll j>g
(displa yed as \ nth_subtermf bt; ng") A!
fix (f:, bt:matc h bt with
B_j > Bv:f (bt@v)

j TG bt)j > btl_n) bt
de ne unfold _subterms :

Itt _hoas debruijn!subterms f'bt< jlI j>g
(displa yed as \ subterms bt") A!
list_of fun

fn: nth_subtermf bt; ng;

num_subtermsf btgg

B.3.3 Rewrites

*[1; 18] rewrite reduce_mkbterm_base
fi public reduceOcaml!lab
[4431:n,
4457:n,
"labels":s]
f somd denormalizelabelsyg jg
mkbterm(0; op; btl) Al T (op; btl)

*[1; 14] rewrite reduce_mkbterm step
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fi public reduceOcaml!lab
[4561:n,
4587:n,
"labels":s]
f somé denormalizelabelsyg jg :
n 2 Nij!
mkbterm(n + 1; op; btl) Al B v: mkbterm(n; op; btl@v)
*[1, 50] rewrite reduce_mkbterm_empty
fi public reduceOcaml!lab
[4744:n,
4770:n,
"labels":s]
f somé denormalizelabelsyg jg :
n 2 Nij!
mkbterm(n; op; [) A! B x:": T(op; [I)
*[1; 6] rewrite fold _mkterm :
T(op; subtermg A! mkbterm(0; op; subtermg
*[1;12] rewrite reduce_bdepth_mkterm fj public reducejg :
DT(op; bt) Al 0
*[1; 12] rewrite reduce_bdepth_mkterms
fi public reducejg :
Dmk_termsfeg Al 0
*[1; 16] rewrite reduce_bdepth_bind fj public reducejg :
D(B v:t[v]) Al 1+ (Dt[T(¢ )]
*[5; 1437]rewrite reduce_bdepth_var fj public reducejg :
| 2 Nj!
r 2 Nj!
Dvar(l;r) Al (I + r) + 1
*[4; 79] rewrite reduce_bdepth_mkbterm
fi public reducejg :
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n 2 Nij!

Dmkbterm(n; op; btl) Al n
*[4; 128] rewrite reduce_getop _var fj public reducejg :

| 2 Nj!

r2 Nj!

try get_opvar(l;r) with Not_found -> op A! op
*[2;91] rewrite reduce _getop_mkbtermfj public reducejg :

n 2 Nij!

try get_op mkbterm(n; op; btl) with Not_found -> op®A!

op
*[2; 107] rewrite numsubterms_id fj public reducejg :

btl 2 List j!

n 2 Nij!

num_subtermsf mkbterm(n; op; bt)g Al j btl ]
*[2; 136] rewrite nth _subterm_id fj public reducejg :

n 2 Nij!

m2 Nij!

k 2 Nj!

k < mij!

nth _subterm

fmkbterm(n; op; list_of f unfx: f[x]; mg);
kg Al

B v:" flkl@Qv
*[2;467] rewrite subterms_id fj public reducejg :

btl 2 List j!

n 2 Nij!

subterms mkbterm(n; op; btl) A! map(bt:B v : ": bt@v; btl)
*[6;502] rewrite left _id fj public reducejg :

| 2 Nj!

r-2 Nj!
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| var(l;r) Al |

*[2;551] rewrite right _id fj public reducejg :
l 2 Nj!
r2 Nj!
rvar(l;r) Al r

*[1; 10] rewrite subst _varO fj public reducejg :
r-2 Nj!
var(0;r)@ A! B x:":t

*[1; 14] rewrite subst var fj public reducejg :
l 2 Nj!
r2 Nj!
var(l + L,r)@ A! var(l;r)

*[1; 16] rewrite subst _mkbtermfj public reduce jg :
bdepth 2 N j!
mkbterm(bdepth + 1; op; bth@ A!
mkbterm(bdepth; op; btl@t)

*[1; 12] rewrite bind _var fj public reducejg :
| 2 Nj!
r2 Nj!
B x:var(l;r) Al var(l + 1;r)

*[1;43] rewrite lemmafj public reducejg :
btl 2 List j!

(B bth@v A! btl

*[1; 14] rewrite bind _.mkbtermfj public reducejg :
bdepth 2 N j!
btl 2 List j!

B x: mkbterm(bdepth; op; btl) A!
mkbterm(bdepth + 1; op; B btl)

*[1;1297]rewrite lemmalfj public reducejg :
r2 Nj!
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n 2 Nij!

r,. nj!

B gamma:": B x :":t@gammaA! B x:':t
*[4; 1507]rewrite lemma2] public reducejg :

| 2 Nj!

r 2 Nj!

n 2 Nij!

(+r)y+ 1, nj!

B gamma: ": var(l;r)@gammaA! var(l;r)
*[4; 1279]rewrite lemma3j public reducejg :

m2 Nij!

n 2 Nij!

m, nj!

B gamma: ": mkbterm(m; op; bt)@gammaA!

mkbterm(m; op; btl)

De ne a type of variablesVar that is more abstract than the raw de Bruijn repre-

senation.

de ne unfold Var :
Itt _hoas.debruijn!Var (displa yed as\Var") A!
Img(v:N £ N:let (i;j) =vin var(i;j))
let fold_Var = makeFoldC <<Var >>unfold_Var
*[1;16] rule var _type _univ fj public intro [] jg :
hii ° Var 2 Uqg
*[1; 6] rule var _type _wf fj public intro [] jg :
hii ° VarType
*[1;27] rule var _wf fj public intro [] jg :
[wf] hi =~ 1 2 N j!
[wf] hii = r 2 N j!
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hii ~ wvar(l;r) 2 Var
*[3;42] rule var _elim fj public elim([] jg j:
hii;i: N;j: N; he[var(i;j)]i =~ Cjlvar(i;j)] i!
hii; x: Var; e[x]i =~ CIx]
*[1; 34] rule var _sgsimple
fi public intro []; public sgsimplejg :
hii ~ sosimplefVarg

Boolean operations on variables.

de ne unfold _beq.var :
Itt _hoas. debruijn'lbeq _varf'x<jll j>; 'y<jll j>g
(displa yed as \ beqvarfx; yg") A!
(1 x) =p(y) *o((rx) =u(ry))
*[1;30] rewrite reduce_beqgvar :
l1 2 Nj!
ri 2 Nj!
[, 2 Nj!
rr 2 Nj!
beqgvarfvar(Iy;r); var(lo;ro)g Al
(It =pl2) "o (rs =pr2)

*[3;104] rule beqg.var _wf fj public intro [] jg :

[wf] hi ~ x 2 Var j!
[wf] hi ~ y 2 Var j!
hii = beqvarfx; yg 2 B
*[5;101] rule beqg.var _assert _intro fj public intro [] jg :
hii° x =1y 2 Var j!
hii = " beqvarfx; yg

*[10, 193] rule beqg.var _assert _elim fj public elim[] jg i:
[wf] hii; u:" beqgvarfx; yg;, he[uli ~ xy;5ll 2 Var j!
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[wf] hii; u:" begvarfx; yg;, he[uli ~ vyl 2 Var j!
hii;u: x =1y 2 Var; hig[u]i ~ CJu] j!
hii; u:" beqvarfx; yg; he[u]i =~ CJu]

This isthe main theoremthat showvsthat B x: e[x] comnmuteswith mkbterm(n; op; subterms.

*[1; 17] rewrite reduce_bind _of _mkbterm_of _list _of fun :
n 2 Nij!
m 2 Nij!
B x: mkbterm(n; op; list_of funfy: f[x; y]; mg) A!
mkbterm(n + 1; op; list_of funfy: B x: f[x; y]; mg)
*[6; 149] rewrite reduce_vec_bind _of _mkbterm _of _list _of _fun :
i 2 Nj!
n 2 Nij!
m2 Nij!
B x :': mkbterm(n; op; list_of funfy: f[x; y]; mg) A!
mkbterm(n + i; op; list_of funfy: B x:': f[x; y]; mg)

Someequivalenceson binds.

*[3; 3852]rewrite reduce_bindn _nth fj public reducejg :
n 2 Nij!
m 2 Nij!
m< nij!
Bx:":xmA! var(m;nj mj 1)
*[16;,2909]rewrite reduce_bindn _nth2 fj public reducejg :
ng 2 Nj!
n, 2 Nj!
m2 Nij!

m< ngj!
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Bxg:":BX:":xmA!l var(m;n, + n, i mj 1)
*[2; 12] rewrite reduce _bind _var fj public reducejg :

n 2 Nij!

| 2 Nj!

B x:Mvar(l;r) Al var(n + I;r)

B.4 Itt _hoas_operator module

The Itt _hoas.operator module de nes a type Operator of abstract operators; it

alsoestablisheghe connectionbetweenabstract operator type and the internal notion

of syrntax that is exposedby the computational bterms theory (Baseoperator ).

B.4.1 Parents

Extends [Itt _theory

Extends [Baseoperator
Extends [Itt__nat]
Extends [Itt _list2

B.4.2 Terms

The Operator type is an abstract type with a decidableequality. We only require
that an operator have a xed shape.

As in the caseof concrete quoted operators, the shape of an abstract operator
is a list of numbers, ead stating the number of bindings the operator adds to the

correspnding subterm; the length of this list is the arity of an operator.

declare const Itt _hoas operator!Operator
(displa yed as \ Operator")

declare Itt _hoas operator!shape f'op<j!! j>g
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(displa yed as \ shapgop)")

declare Itt _hoas operatorlis _sameop

B.4.3

f'op _19! j>;
‘'op 249! j>g
(displa yed as \is_same.op(op;; 0op,)")

Rules

Operator is an abstract type.

Ifhii °
hi °

@ rule op_univ fj public intro [] jg :

Operator 2 Uq

*[1; 7] rule op_type fj public intro [] jg :

hii -~

Operator Type

Equal operators must be identical.

Fhii °
hii °
hii °

q rule op_sgeqf] public nth_hyp jg :
op; = op, 2 Operator j!

op; = op,

*[1;10] rule op_sgsimple

fi public intro []; public sgsimplejg :

hii -~

sgsimpl ef Operatorg

is _sameop decidesthe equality of Operator.

Mhii -
hii °
hii °
hii °

q rule is _sameop.wf fj public intro [] jg :
op; 2 Operator !
op, 2 Operator ;!

is_sameop(op,;; op,) 2 B
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IThii ~ 4 rule is _sameop_eq

fi public intro [AutoMustComplete], public nth_hyp jg :

hii =~ op, = op, 2 Operator j!
hii = " is_sameop(op;; op,)
I'lhii ~ @ rule is _sameop.rev eq:
[wf] hii ~ op, 2 Operator j!
[wf] hii = op, 2 Operator j!
hii ~ " is_sameop(op;; op,) !
hii °~ op, = op, 2 Operator
*[5;127] rule op._decidable fj public intro [] jg :
hii ~ op, 2 Operator j!
hii ° op, 2 Operator j!
hii ~ Decidabk(op, = op, 2 Operator)

*[1;14] rule is _sameop_elim

fi public elim [ThinOption thinT] jg j:
[wf] hii; x:"is_sameop(op,; 0op,); NC[X]i ~ opyn;jill 2 Operator !
[wf] hii; x:"is_sameop(op,; op,); NC[X]i ~ op.p;ji[l 2 Operator !
[ main]

1 hji

2: X : " is_same.op(op,; op,)

3:0p; = op, 2 Operator

4: he[ x]i

CIx] i!

hii; x:"is_sameop(op,; op,); [ x]i = C[x]

Ead operator hasa shape| alist of natural numbersthat are meart to represem
the number of bindings in eat of the argumens. The length of of the list is the

operator's arity.

de ne iform unfold _arity
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Itt _hoas operatorlarity f'op<j!! j>g

(displa yed as \arity f opg") A!

arity (op)
I'Thii ~ 4 rule shapenat_list fj public intro [] jg :
hii = op 2 Operator j!

hii = shapgop) 2 N List
*[1;24] rule shapelist fj public intro [] jg :
hii ©~ op 2 Operator j!
hii = shapgop) 2 List
*[1;33] rule shapenat _list _eqfj public intro [] jg :
hii ° op, = op, 2 Operator j!
hii = shapgop,) = shapgop,) 2 N List
*[2;44] rule shape.int _list fj public intro [] jg :

hii ~ op, = op, 2 Operator j!

hii = shapgop,) = shapdgop,) 2 int List
*[1;36] rule arity _nat fj public intro [] jg :

hii = op, = op, 2 Operator j!

hii ~ arity(op,) = arity(op,) 2 N
*[1;36] rule arity _int fj public intro [] jg :

hii ° op, = op, 2 Operator j!

hii ~ arity(op,) = arity(op,) 2 int

*[3;46] rule shape.int _list _sqfj public intro [] jg :
hii ~ op; = op, 2 Operator ;!
hii = shapgop,) ~ shapgop,)

B.4.4 Concrete Operators

This sectionestablishesthe connectionbetweenthe abstract notion of operator and

the internal notion of operator that is exposedby the computational bterms theory
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(Baseoperator ).

Essetially, it postulatesthat the abstract operator is compatible with the notion
of operatorsthat we have de ned computationally, that the computationally-de ned
operationson operatorsact asexpected,and that the syntactic operationswe de ned
(such asshape) correspnd exactly to the built-in operations of the meta-theory In
a way, this theory establishesthe operator expressionsas denotations for constarts
of the Operator type| this is similar to how numeralsdenoteconstarts of typeint.

First, we de ne a concrete represemation for operators. We will represeh an

operator by a bterm of the form operator[op: op)

declare Itt _hoas_operator!operator[op:op]
(displa yed as \ operator[op: op]")

I'[hii ~ qrule op_constant fj public intro [] jg :

hii =~ operator[op:op] 2 Operator
*[1; 7] rule shapeconst_nat_list fj public intro [] jg :

hii = shapgoperator[op:op) 2 N List
I'[] rewrite bterm_shape:

shapdoperator[op: of) A! list_of _numlistfshapgop)g
I'[] rewrite bterm_sameop :

is_same op(operator[opl : op|; operator[op?2 : op])

Al
meta_edopl : op; op2 : opff tr ue; f alseg

B.5 Itt hoas destterm module

The Itt _hoas_destterm module de nesdestructorsfor extracting from a bterm the

componerts correspnding to the de Bruijn-lik e represemation of that bterm.
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B.5.1 Parents

Extends [Itt _hoas base

Extends |Itt _hoas_vector

Extends [Itt _hoas operator |

Extends [Itt _hoas_debruijn |

Extends [Itt _hoas_

B.5.2 Terms

The [is _var| operator decideswhether a bterm is a vari or a /mkbterm. In order
to implemert theis _var operator we assumethat there exist at least two distinct
operators (for any concrete notion of operators this would, of course, be trivially
derivable but we would like to keepthe operatorstype abstract at this point).

The [dest _bterm operator is a genericdestructor that can extract all the compo-

nerts of the de Bruijn-lik e represetation of a bterm.

declare Itt _hoas.destterm!opl (displa yed as\opl")
declare Itt _hoas desttermlop2 (displa yed as\op2")
de ne unfold _isvar
Itt _hoas desttermlis _varf'bt< j!! j>g
(displa yed as \is _var (bt)") A!
. pis_sameop(try get_op bt with Not_found -> opl; try
get _op bt
with  Not_found ->
op2)
de ne unfold _dest bterm :
Itt _hoas._destterm!dest _bterm
f'bt< jU j>;
[, r. ‘var _caseq!! j>[l; 'r];

bdepth, op, subterms. ‘'op _caseg!! j>['bdepth;
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'op; 'subterms] g
(displa yed as
\'matc h bt with
var(l;r) i > var_casql; r]
] BTerm(bdepth, op; subtermg j > op_casgbdepth
op;
subtermg") A!
if is _var (bt) then var_casdl bt; r bt] else op_casdD
bt;
try get_op bt with Not_found -> ¢

subterms bt]

B.5.3 Rules

Ihii ~ qrule oplopfj public intro[] jg :

hii ~ opl 2 Operator
IThii ~ qrule op2opfj public intro [] jg :
hii = op2 2 Operator

B.5.4 Rewrites

I'[]] rewrite ops_distict fj public reducejg :
is_same.op(opl; op2) A! false

*[1; 13] rewrite sameop.id fj public reducejg :
op 2 Operator j!
is_same.op(op; op) Al true

*[1; 22] rewrite is _var var fj public reducejg :
m 2 Nij!
n 2 Nij!
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is _var (var(m;n)) Al true
*[1; 20] rewrite is _var _mkbterm fj public reducejg :
op 2 Operator j!
n 2 Nij!
is _var(BTerm(n; op; btl)) Al false
*[1; 38] rewrite dest _bterm_var fj public reducejg :
[ 2 Nj!
r2 Nj!
matc h var (I;r) with
var(l;r) j > var_casql; r]
j BTerm(d; o; s)j > op.casdd; o; s] A!
var_casdl; r]
*[1; 28] rewrite dest _bterm_mkbterm fj public reducejg :
n 2 Nij!
op 2 Operator j!
subterms 2 List j!
matc h BTerm(n; op; subtermg with
var(l;r) i > var_casql; r]
] BTerm(bdepth, op; subtermg j > op_casgbdepth;
op;
subtermg A!
op_casgn; op; map(bt:B v : ": bt@v; subtermg]
*[2; 125] rewrite  mkbterm_eta _lof fj public reducejg :
l 2 Nj!
n 2 Nij!
BTerm(n; op; list_of funfi: B v:":f[i]@v; Ig) A!
BTerm(n; op; list_of funfi: f[i]; Ig)
*[1; 37] rewrite  mkbterm_eta fj public reducejg :
n 2 Nij!

subterms 2 List j!
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BTerm(n; op; map(bt:B v : ": bt@v; subtermg) A!

BTerm(n; op; subtermg

B.6 Itt _.hoas_bterm module

The Itt _hoas_bterm module de nesthe inductive type BT erm and establisheshe

appropriate induction rules for this type.

B.6.1 Parents

Extends [Itt _hoas destterm |

Extends [Itt _image2

Extends [Itt _tunion
Extends [Itt _subset

B.6.2 Terms

Wede nethetypeBT erm asarecursivetype. The compatible _shapeg depth shag; subtermg
predicate de nes when a list of subtermssubtermsis compatible with a speci ¢ op-

erator.

de ne unfold _compatible shapes:
Itt _hoas_bterm!compatible _shapes
f'depth< j!l j>;
'shape<j!! j>;
‘btl< jI! j>g
(displa yed as
\ compatible _shapeg(depth shage; btl)") Al
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8x; y 2 shag; btl: ((depth + x) = Dy 2 int)
de ne unfold _dom:
Itt _hoas_bterm!donf'BT<j!! j>g
(displa yed as\domfBT g") Al
(N £ N) + (depth: N £ op:Operator £ fsubterms: BT List |
compatible _shapeqdepth; shapgop); subtermgg)
de ne unfold _mk:
Itt _hoas_bterm!mkf'x< j!l j>g (displa yed as\mkfxg") Al
matc h x with
inl vj > let (left;right) =v in var(left; right)
jinrtj > let
(d;v) =t
in
let (op;st) =v in BTerm(d; op; st)
de ne unfold _dest :
Itt _hoas_bterm!dest f'bt< j!! j>g
(displa yed as \ destf btg") A!
matc h bt with
var(l;r) i > inl (I;r)
j BTerm(d; op; ts) i > inr (d;(op;ts))
de ne unfold _Iter
Itt _hoas bterml!iter f'X<j!! j>g
(displa yed as\Iterf X g") A!
I mg(x : domf X g:mkf xg)
de ne unfold BT:
Itt _hoas bterm!BTf'n<j!l j>g (displa yed as\BTfng") Al
Ind (n) where Ind(n) =
n = 0) Ind(n) = Void
n>0) Ind(n) = Iterfind(nj 1)g

de ne const unfold BTerm:
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Itt _hoas_bterm!BTerm (displa yed as\BTerm") Al
[n:N:BTfng
de ne unfold BTerm2
Itt _hoas bterm!BTernt'i< j!! j>g
(displa yed as\BTermfig") Al
fe:BTerm j De = i 2 Ng
de ne unfold _ndepth :
Itt _hoas bterm!ndepth f't< j!! j>g
(displa yed as \ ndepthftg") A!
f ix (ndepth, t:matc h t with
var(l;r)j > 1

| BTerm(bdepthy op; subtermg j > max(map(x:ndepthx;subtermg) + 1)t

B.6.3 Rewrites

Basic facts about compatible _shapes

*[1; 8] rewrite compatible _shapes_nil _nil

fi public reducejg :

compatible _shapeg(depth [J:[]) A! True
*[1; 8] rewrite compatible _shapes.nil _cons

fi public reducejg :

compatible _shapeg(depth[J:h, :: t,) Al False
*[1; 8] rewrite compatible _shapes_cons_nil

fi public reducejg :

compatible _shapeg(depth h; :: t1;[[) A! False
*[1; 10] rewrite compatible _shapes.cons_cons

fi public reducejg :

compatible _shapegqdepth h; :: tg;h, i t5)

Al
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((depth + h;) = Dh, 2 int)
N compatible _shapeg(depthty;ty)

*[1; 16] rewrite bt _reduce_base fj public reducejg :
BTfogA! Void

*[1; 12] rewrite bt reduce step fj public reducejg :
n 2 Nj!
BTfn + 1gA! IterfBTfngg

B.6.4 Rules

*[1;57] rule bt_elim _squashfj public elim[] jg i:
[wf] hii; R¢i ° nuill 2 N !
[basg hi;hei;l:N;r:N" [Pvar(l;r)] i!
[ stepl
1 hji
2. hti
3: depth: N
4: op : Operator
5: subterms: BTfny;ji[]g List
6: compatible _shapes(depth shapgop); subtermg
[P[BTerm(depth op; subterms]] !
hii;t: BTfn + 1g; hti ~ [P]t]]
*[1;15] rule bt _elim _squashOfj public nth_hyp jg i:
hii;t: BTfOg; hei = PJ[t]
*[5; 255] rule bt wf_and bdepth_univ fj public intro [] jg :
[wf] hii ~ n 2 N j!
hii ° (BTfng 2 Uq) A 8t:BTfng: (Dt 2 N)
*[5; 234] rule bt wf_and bdepth wf fj public intro [] jg :
[wf] hii ~ n 2 N j!
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hii = BTfngType » 8t :BTfng: (Dt 2 N)
*[1;13] rule bt _univ fj public intro [] jg :

[wf] hii ~ n 2 N j!

hii ° BTfng 2 Uq
*[1;13] rule bt _wf fj public intro [] jg :

[wf] hii ~ n 2 N j!

hii ©~ BTfngType

*[1; 15] rule bterm_univ fj public intro [] jg :
hii ° BTerm 2 Uq
*[1; 13] rule bterm_wf fj public intro [] jg :
hii © BTerm Type
*[1; 7] rule nil _in list _bterm fj public intro [] jg :
hii ° [] 2 BTerm List
*[2;49] rule bdepth_wf fj public intro [] jg :
[wf] hi ~ t 2 BTerm j!
hii ° Dt 2 N
*[1; 13] rule bdepth_wf_int fj public intro [] jg :
[wf] hii ~ t 2 BTerm j!
hii °~ Dt 2 int
*[1; 13] rule bdepth_wf_positive fj public intro [] jg :
[wf] hi = t 2 BTerm j!
hi ~ (Dt), O
*[1;20] rule bterm2_wf fj public intro [] jg :
[wf] hii ~ n 2 N j!
hii °~ BTermfngType
*[1; 16] rule bterm2_forward

fi public forward []; public nth_hyp jg i:

1 hji
22Xx: e 2 BTermfdg
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3 ke[ x]i
4. enijill 2 BTerm
5:Depjill = dpjill 2 N
Clx] i!
hii; x: e 2 BTermfdg; h¢[x]i =~ C[x]
*[1;10] rule bterm2_is _bterm fj public nth_hyp jg i :
hii; x: BTermfdg;, h¢[x]i =~ x 2 BTerm

*[2;57] rule compatible _shapes.univ fj public intro [] jg :

[wf] hii ~ bdepth 2 N j!
[wf] hii °~ shag 2 int List !
[wf] hii °~ btl 2 BTerm List j!

hii = compatible _shapegbdepth shag; btl) 2 Uq
*[2; 53] rule compatible _shapeswf fj public intro [] jg :

[wf] hii °~ bdepth 2 N j!

[wf] hii °~ shag 2 int List j!

[wf] hii ~ btl 2 BTerm List j!

hii ~ compatible _shapegbdepth shag; btl) Type
*[2; 35] rule bt _subtype _bterm fj public intro [] jg :

[Wf] hii > n 2 N j!

hii ° BTfng v BTerm
*[1;59] rule domwfl fj public intro [] jg :
[wf] hii ° n 2 N j!
hii °~ domfBTfnggType
*[1;42] rule compatible _shapes sqgstable :
[wf] hii ° bdepth 2 int j!
[wf] hii =~ shag 2 int List j!
[wf] hii = btl 2 BTerm List j!
hii ° [compatible _shapeg(bdepth; sha; btl)] ;!

hii ~ compatible _shapegbdepth shag; btl)
*[1;55] rule domwf fj public intro [] jg :
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hii° T v BTerm j!
hii ° domfTgType
*[2; 186] rule dommonotonef] public intro [] jg :
hhi > T v S j!
hii° Sv BTerm j!
hii ° domfTg v domfSg
*[2; 176] rule dommonotoneset fj public intro [] jg :
hii ° T g S j!
hhi > S v BTerm j!
hii ° domfTg p domfSg
*[1;14] rule iter _monotonefj public intro [] jg :
hii ° T v S j!
hhi > S v BTerm j!
hii ° IterfTg v IterfSg
*[1,80] rule bt _monotonef] public intro [] jg :
[wf] hi ~ n 2 N j!
hii ° BTfng v BTfn + 1g
*[3;72] rule var _wfO fj public intro [] jg :
hii° X v BTerm j!
[wf] hi = 1 2 N j!
[wf] hii ~ r 2 N j!
hii ~ var(l;r) 2 lterfXg
*[2;56] rule var _wf fj public intro [] jg :
[wf] hi = 1 2 N j!
[wf] hii ~ r 2 N j!
hi = wvar(l;r) 2 BTerm
*[3;161] rule mkbterm_bt _wf fj public intro [] jg :
[wf] hii ° n 2 N j!
[wf] hii =~ depth2 N j!
[wf] hii ° op 2 Operator j!
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[wf] hji °~ subterms2 BTfngList j!
hii ~ compatible _shapegdepth shapgop); subtermg !
hii ~ BTerm(depth op; subtermg 2 BTfn + I1g
*[6;114] rule mkbterm_wf fj public intro [] jg :
[wf] hii ° depth2 N j!
[wf] hii = op 2 Operator j!
[wf] hii ° subterms 2 BTerm List !
hii ~ compatible _shapegdepth shapgop); subtermg !
hii =~ BTerm(depth op; subtermg 2 BTerm
*[2; 72] rule mkbterm _wf2 fj public intro [] jg :
[wf] hii ° d; = db 2 N j!
[wf] hii ° op 2 Operator j!
[wf] hii °~ subterms 2 BTerm List j!
hii ~ compatible _shapeqd;; shapgop); subtermg !
hii = BTerm(d;; op; subtermg 2 BTermfd,g
*[3;21] rule mkterm _wf fj public intro [] jg :
[wf] hii = op 2 Operator j!
[wf] hii °~ subterms 2 BTerm List !
hii = compatible _shapeg0; shapgop); subtermg ;!
hii = Term(op; subtermg 2 BTerm
*[1; 18] rule mkterm_wf2 fj public intro [] jg :
[wWf] hi > d= 02N j!
[wf] hii = op 2 Operator j!
[wf] hji ~ subterms 2 BTerm List j!
hii ~ compatible _shapeg0;shapdgop); subtermg !
hii ° Term(op; subtermg 2 BTermfdg
*[7,559] rule bt _elim _squash2f] public elim|] jg i:
[wf] hii; h¢i ° nuill 2 N j!
[basg hii;hei;l: N;r: N [Pvar(l;r)]] i!
[ step]
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1 hji
2n >0
3 hei
4: depth: N
5: op: Operator
6: subterms: BTfnp;;i[] i 19 List
7. compatible _shapes(depth shapgop); subtermg
[P[B Term(depth op; subtermg]] !

hii;t: BTfng, hei ~ [P[t]]
*[2; 250] rule bterm_elim _squash

fi public elim [ThinFirst thinT] jg j:

hii;hei;1: N;r: N [Pvar(l;r)]] i!

1 hji
2. hti
3: depth: N
4: op: Operator
5: subterms: BT erm List
6: compatible _shapesdepth; shapgop); subtermg
[P[BTerm(depth op; subterms]] ;!
hii;t: BTerm; h¢i ~ [P[t]]
*[4; 105] rule bterm_induction _squashlj :
hii; hei;l: N;r: N [Pvar(l;r)]] i!

1 hji

2. hei

3n: N

4: depth: N

5. op: Operator

6: subterms: BTfng List
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7: compatible _shapeddepth shapgop); subtermg
8: 8t 2 subterms [P][t]]
[P[BTerm(depth op; subtermg]] ;!
hii;t: BTerm; hei ~ [P[t]]
*[8; 514] rewrite bind _eta fj public reducejg :
bt 2 BTerm j!
(Dbt) > 0!
B x: bt@x A! bt
*[2; 1197]rewrite bind _vec_eta fj public reducejg :
n 2 Nij!
bt 2 BTerm j!
(Dbt), nj!
B gamma: ": bt@gammaA! bt
*[4;634] rewrite subterms_lemmafj public reducejg :
n 2 Nij!
subterms 2 BT erm List !
8i : I ndex(subtermg: ((D(subtermsi)) , n) j!
map(bt:B v : ": bt@v; subtermg A! subterms
*[5; 1538]rule subterms_depth
fi public intro [] jg shamy; ;i [I:

[wf] hii °~ bdepth 2 N j!
[wf] hii °~ shag 2 N List j!
[wf] hii = btl 2 BTerm List j!

hii ~ compatible _shapegbdepth shag; btl) !
hii ~ 8i:Index(btl): (D(btl.i)), bdepth
*[2; 19] rule subterms_depth2
fi public intro [] jg shamy; ;i []:
[wf] hii ° bdepth 2 N j!
[wf] hii ° shag 2 N List j!
[wf] hii ~ btl 2 BTerm List j!
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hii °~ compatible _shapegbdepth shag; btl) !
hii ~ 8i:1ndex(btl): (D(btl.i)), bdepth
*[2;31] rule subterms_depth3
fj public intro [] jg shagy; ;i []:

[wf] hii °~ bdepth 2 N j!
[wf] hii = shag 2 NList j!
[wf] hii °~ btl 2 BTerm List j!

hii °~ compatible _shapegbdepth shag;btl) !
hii =~ 8x 2 btl: (Dx), bdepth)
*[2; 38] rewrite dest _bterm_mkbterm2 fj public reducejg :
n 2 Nij!
op 2 Operator j!
subterms 2 BT erm List !
compatible _shaped(n; shapgop); subtermg j !
matc h BTerm(n; op; subtermg with
var(l;r) j > var_casql; r]
j BTerm(bdepth, op; subtermg ;| > op_casgbdepth
op;
subtermg A
op_casdn; op; subtermg
*[3; 86] rewrite dest _bterm_mkterm fj public reducejg :
op 2 Operator j!
subterms 2 List j!
matc h Term(op; subtermg with
var(l;r) i > var_casql; r]
j BTerm(bdepthy op; subtermg | > op_casgbdepth;
op;
subtermg A!
op_casg0; op; subtermg

*[1; 79] rewrite mkdest reduce fj public reducejg :
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t 2 BTerm j!
mkfdestftgg Al t

*[1; 20] rewrite reduce_ndepthl fj public reducejg :
| 2 Nj!
r2 Nj!
ndepthfvar(l;r)g Al 1

*[1; 26] rewrite reduce_ndepth2 fj public reducejg :
op 2 Operator j!
bdepth 2 N j!
subs 2 BTerm List j!
compatible _shapeqbdepth shapgop); subg j !
ndepthf B Term(bdepth; op; subgg A!
max(map(x:ndepthf xg; subg) + 1

*[2;228]rule iter _monotoneset fj public intro [] jg :

hii ° T pu S j!
hhi° S v BTerm j!
hii ~ IterfTg p lterfSg
*[1; 78] rule bt _monotoneset fj public intro [] jg :
[Wf] hii > n 2 N j!
hii ° BTfng p BTfn + 1g

*[7;807]rule bt _monotoneset2 fj public intro [] jg :
[wf] hii ° k2 N j!
[wf] hi ~ n 2 N j!
hii° n, kj!
hii ° BTfkg p BTfng
*[3;163] rule ndepth_wf fj public intro [] jg :
[wf] hi = t 2 BTerm j!
hii °~ ndepthftg 2 N
*[11436] rule ndepth_correct fj public intro [] jg :
[wf] hi =t 2 BTerm j!
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hii = t 2 BTfndepthftgg
*[2;42] rule bt _subset _bterm fj public intro [] jg :
[wf] hii ~ n 2 N j!
hii ° BTfng p BTerm
*[1;81] rule dest_bterm_wf fj public intro [] jg :
[wf] hii ~ bt 2 BTerm j!
[wf] hii;l:N;r: N varcasdl;r] 2 T j!
[wf]
1 hji
2: bdepth: N
3: op: Operator
4: subterms: BT erm List
5: compatible _shapedbdepth; shapdgop); subtermg
op_casghbdepthy op; subtermg 2 T !

1 hji

matc h bt with
var(l;r) i > var_casdl; r]
] BTerm(bdepth, op; subtermg j > op_casgbdepth
op;
subtermg 2
-
*[1;183] rule dest_wf fj public intro [] jg :
[wf] hii ~ t 2 BTerm j!
hii ~ destftg 2 domfBT ermg
*[3;102] rule bterm_elim fj public elim|] jg i:
hii;hei;l: N;r: N Plvar(l;r)] j!

1 hji
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2. hti
3: bdepth: N
4: op: Operator
5: subterms: BT erm List
6: compatible _shapegbdepth; shapdgop); subtermg
P[BTerm(bdepthy op; subtermg] !
hii;t: BTerm; h¢i = PJt]
*[1;17] rule domelim fj public elim[] jg j:
hii; domfTg; u: N £ N; he[inl uli = PJ[inl u] j!

1 hji
2. domfTg
3v:
depth: N £ op: Operator £ fsubterms: T List |
compatible _shapegdepth shapgop); subtermgg
4: he[inr vii
Plinr v] j!
hii;t: domfTg; he[t]i = PJt]
*[1; 98] rewrite dest_mkreduce n:
n 2 Nij!
t 2 domfBTfnggi!
destf mkftgg Al t
*[3;41] rule bt_eliml fj public elim([] jg j:
[wf] hii;t: BTfn + 1g; he[t]i = npd 2 N !
[step] hii; x: domfBTfngg, he[mkfxgli =~ P[mkfxg] j!
hii;t: BTfn + 1g; he[t]i = PJ[t]
*[3;382] rule bterm_elim _squashl1fj public elim]] jg i:
hii;t: BTerm; he[t]li; 1: N;r: N [Pvar(l;r)]] i!

1 hji
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2:t: BTerm
3 heftli
4: depth: N
5. op: Operator
6: subterms: BT erm List
7: compatible _shapes(depth shapgop); subtermg
[P[BTerm(depth op; subterms]] ;!
hii;t: BTerm; he[t]i ~ [P[t]]
*[3;101] rule bterm_elim2 fj public elim[] jg i:
hii;t: BTerm; he[t]i; 1: N;r: N~ Plvar(l;r)] j!

1 hji
2:t: BTerm
3. he[t]i
4: bdepth: N
5: op: Operator
6: subterms: BT erm List
7. compatible _shapedbdepth shapdgop); subtermg
P[BTerm(bdepthy op; subtermg] !
hii;t: BTerm; he[t]i = P[t]
*[5;122] rule bterm_elim3 j :

hii;l: N;r: N; he[var(l;r)]i = Plvar(l;r)] i!
1 hji
2: bdepth: N

3: op: Operator

4: subterms: BT erm List

5: compatible _shapedbdepth shapdgop); subtermg

6: he[ BTerm(bdepth, op; subtermg]i
P[BTerm(bdepthy op; subtermg] !
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hii;t: BTerm; he[t]i = PJt]

The following is the actual induction principle (the previousrulesare just elimination

rules).

*[6;261] rule bterm_induction fj public elim]] jg i:
[basg hji;t: BTerm; he[t]i; [: N;r: N~ Plvar(l;r)] j!
[ step]
hi i
:t: BTerm

1
2
3
4: bdepth: N
5. op: Operator
6: subterms: BT erm List
7. compatible _shapedbdepth; shapgop); subtermg
8: 8t 2 subterms PJt]
P[BTerm(bdepth, op; subtermg] !

hii;t: BTerm; he[t]i = PJt]
*[1;57] rule is _var wf fj public intro [] jg :

[wf] hi = t 2 BTerm j!

hii ° is_var(t) 2 B
*[2;123] rule subterms_wfl fj public intro [] jg :

[wf] hi = t 2 BTerm j!

hii & :("is_var(t)) !

hii ~ subtermst 2 BTerm List

BT erm hasa trivial squiggleequality.

*[18, 455] rule bterm_sgsimple
fi public intro []; public sgsimplejg :
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hii = sogsimplef BT ermg
*[2; 40] rule bterm_sgsimple2
fi public intro []; public sgsimplejg :
[wf] hii ° n 2 N j!
hii ~ sosimplef BTermfngg

De ne a Booleanequality (alpha equality) on BTerms.

de ne unfold _beqbterm :

Itt _hoas bterm!beq btermf'tl< jII j>; 't2< j!l j>g

(displa yed as \ begbtermft,; t,g") Al
f ix (beg_bterm:, t;:, to:matc h t; with
var(ly;ry) i > match t, with
var(lo;rp) i > beqvarfvar(ly;ry); var(l;ro)g
] BTerm(dy; o1; 1) j > false
j BTerm(dy; 01; &) i > match t, with
var(lp;rp) | > false
j BTerm(dy; 00; &) i > (di = pdy)
Ny is_sameop(0;; 0p)
b (Boty; t2 2 s1; Sp: (beg_bterm t; t2))) ty to

*[1; 22] rewrite reduce_beqg.bterm_var _var

fi public reducejg :

l1 2 Nj!

ri 2 Nj!

[, 2 Nj!

rr 2 Nj!

begbtermfvar (I;r1); var(ly;ry)g Al

beqvarfvar(ly;ry); var(lz;ra)g
*[1; 55] rewrite reduce _beq bterm_var bterm

fi public reducejg :
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| 2 Nj!

r2 Nj!

d 2 Nj!

0 2 Operator j!

s 2 List j!

begbtermfvar(I;r); BTerm(d; o; s)gA! false
*[1; 38] rewrite reduce _beq bterm_bterm_var

fi public reducejg :

| 2 Nj!

r-2 Nj!

d 2 Nj!

0 2 Operator j!

s 2 List j!

begbtermf BTerm(d; o; s); var(l;r)gA! false
*[1; 35] rewrite reduce_beq bterm_bterm_bterm

fi public reducejg :

d 2 Nj!

0, 2 Operator !

2 BTerm List j!
d 2 Nj!

2 Operator !

s, 2 BTerm List j!

compatible _shapeqd;;shapgo;);s;) j!

compatible _shapeqd,; shapg0,);s;) j !

begbtermf BTerm(d;; 0:; s1); BTerm(dy; 0;; S)g Al

(dp =pdy)

"Ny is_sameop(0;; 0y)

"p (8pty; t2 2 5p; S0 begbtermfty; toQ)

*[1G;326] rule beq.bterm_wf fj public intro [] jg :

[wf] hi = t; 2 BTerm j!
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[wf] hii ~ t, 2 BTerm j!
hii °~ beqgbtermft;; t,g 2 B
*[6; 152] rule beqgbterm_intro fj public intro [] jg :
hhi ~ t; = t, 2 BTerm j!
hii = " begbtermfty; tog

*[24; 791] rule beq.bterm_elim fj public elim]] jg i:
[wf] hii; u:" begbtermfty; tog; e[ uli = tyyi[] 2 BTerm j!
[wf] hii; u:" begbtermfty; tog; [ uli =~ ton5] 2 BTerm j!
hii;u:t, =t 2 BTerm; he[u]i ~ CJu] j!
hii; u:" beqgbtermfty; t,g; RE[u]i = CJu]

de ne unfold _beg bterm_list
Itt _hoas bterm!beq bterm_list f'l1< jlI j>; '12< jIl j>g

(displa yed as \ begbterm_listfl;; l,g") Al
8pt1; to 2 ly; Io: begbtermfty; tog

*[1; 8] rewrite reduce _beq bterm_list _nil _nil
fi public reducejg :
begbterm_listf[]; [[g A! true

*[1; 8] rewrite reduce_beqbterm_list _nil _cons
fi public reducejg :
begbterm_listf[]; u ::vgA! false

*[1; 8] rewrite reduce_beq bterm_list _cons_nil
fi public reducejg :
begbterm_listfu ::v; [JgA! false

*[1; 18] rewrite reduce_beqbterm_list _cons_cons
fi public reducejg :
begbterm_listfu; :: vi; Uy I vog

Al
begbtermfu; u,g * , begbterm_listfv;; v,g

*[2; 15] rule begbterm_list _wf fj public intro [] jg :

[wf] hi ~ 1y 2 BTerm List j!
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[wf] hii ° 1|, 2 BTerm List j!
hii ~ beqgbterm_listfly; I,g 2 B
*[2; 173] rule beqgbterm_list _intro fj public intro [] jg :
hhi ° t; = t, 2 BTerm List j!
hii = " begbterm_listfty; t,g
*[6;213] rule beqgbterm_list _elim fj public elim|] jg i:
[wf]
1 hji
2: u: " begbterm listfty; tog
3. he[uli
tiniill 2 BTerm List j!
[wf]
1 hji
2: u:" begbterm_listfty; tog
3. e[ uli
tonil 2 BTerm List j!
hii;u:t = t, 2 BTerm List; h¢[u]i = CJ[u] j!
hii; u:" begbterm._listfty; t,g; he[u]i = C[u]

Simple rules for forward chaining.

*[1;34] rule beqbterm_forward fj public forward jg i :
[wf] hii; he[di ~ ty5[] 2 BTerm j!
[wf] hii; Re[di = ton;5ill 2 BTerm !
hii; he[di; tuyill = tonll 2 BTerm © C[q !
hii; x:" begbtermfty; tog; [ x]i = C[X]

*[1; 34] rule beg.bterm_list _forward fj public forward jg j:
[wf] hii; Re[di ~ tin5[] 2 BTerm List j!
[wf] hii; Re[di = ton;5[] 2 BTerm List !
hii; he[di; tiyill = ton;l 2 BTerm List © C[q !
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hii; x:" begbterm_listfty; t,g; K[ x]i =~ CJ[x]

Equality reasoning.

*[2; 103] rule mkbterm_simple _eq fj public intro [] jg :

[wWf] hii > dp = d 2 N j!

[wf] hii = op, = op, 2 Operator j!

[wf] hii ~ subtermg = subterms 2 BTerm List j!
hii °~ compatible shaped(d;; shapgop,); subtermg) j!

1: hji

BTerm(d;; op,; subterms)
= BTerm(d,; op,; subterms) 2 BTerm
*[4;113]rule mkbterm_eqfj public intro [] jg :

[wf] hii ° d; = d3 2 N j!

[wf] hii ® d = d3 2 N j!

[wf] hii °~ op, = op, 2 Operator j!

[wf] hii ~ subtermg = subterms 2 BTerm List j!
hii °~ compatible shaped(d;;shapgop,); subtermg) j!

1 hji

BTerm(d;; op,; subterms)
= BTerm(dy; op,; subterms) 2 BTermfdsg
*[2;22] rule bterm_depth_eqfj public nth_hyp jg :
hii ° t 2 BTermfdg j!
hii ° d = Dt 2 int
*[1;391] rule bterm_depth_ge fj public nth_hyp jg :
hii ° t 2 BTermfdg j!
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hi ° (Dt). d
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